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1 Introduction 



Recently Breuil in j3] has determined the isomorphism classes of the irre- 
ducible smooth Fp-representations of GL2(Qp). This allowed him to define 
a "correspondance semi-simple modulo p pour GL2(Qp)". Under this corre- 
spondence the isomorphism classes of irreducible smooth 2-dimensional Fp- 
representations of the Weil group of Qp are in bijection with the isomorphism 
classes of "supersingular" irreducible smooth Fp-representations of GL2(Qp). 
The term "supersingular" was coined by Barthel and Livne. Roughly speak- 
ing a supersingular representation is the Fp analogue of a supercuspidal rep- 
resentation over C, see Definition ll.ll Let F be a non- Archimedean local 
field, with a residue class field F^ of the characteristic p. All the irreducible 
smooth Fp-representations of G = GL2(-F), which are not supersingular, have 
been determined by Barthel and Livne in [I] and , and also by Vigneras in 
|16j . with no restrictions on F. However, ii F ^ Qp then the method of Breuil 
fails and relatively little is known about the supersingular representations of 
G. 

This paper is an attempt to shed some light on this question. We fix a 
uniformiser vup of F and we construct q{q — l)/2 pairwise non-isomorphic, 
irreducible, supersingular, admissible (in the usual smooth sense) represen- 
tations of G, which admit a central character, such that zup acts trivially. If 
F = Qp then using the results of Breuil we may show that our construction 
gives all the supersingular representations up to a twist by an unramified 
quasi-character. We conjecture that this is true for arbitrary F. If p is an 
irreducible smooth Fp-representation of the Weil group Wp of F, then the 
wild inertia subgroup of Wp acts trivially on p, since it is pio-p and normal 
in Wp. This implies that there are only q{q — l)/2 isomorphism classes of 
irreducible smooth 2-dimensional Fp-representations p of the Weil group of 
F such that (det p)(Fr) = 1. Here, Fr is the Frobenius automorphism corre- 
sponding to via the local class field theory. So the conjecture would be 
true if there was a Langlands type of correspondence. 

The starting point in this theory is that every pro-p group acting smoothly on 
an Fp-vector has a non-zero invariant vector. Let Ii be the unique maximal 
pro-p subgroup of the standard Iwahori subgroup / of G. Given a smooth 
representation vr of G the Hecke algebra H = EndG'(c-Ind^ 1) acts on the 
/i-invariants tt^^ It is expected that this functor induces a bijection between 
the irreducible smooth representations of G and the irreducible modules of 
Ti. This happens if F = Qp. Moreover, if F is arbitrary and vr is an 
irreducible smooth representation of G, which is not supersingular, then vr^^ 
is an irreducible 7i-module. All the irreducible modules of H that do not arise 
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this way are called supersingular. They have been determined by Vigneras 
and we give a list of them in the Definition 12. 161 There are q{q — l)/2 
isomorphism classes of irreducible supersingular modules of ?i up to a twist 
by an unramified quasi-character. 

Given a supersingular module M of 7i we construct two G-equivariant co- 
efficient systems V and 1 on the Bruhat-Tits tree X of PGL2(-F) and a 
morphism of G-equivariant coefficient systems between them. Once we pass 
to the 0-th homology, this induces a homomorphism of G-representations. 
We show that the image of this homomorphism 

Tx = \m{H,{Xy) ^ H^{Xa)) 

is a smooth irreducible representation of G, which is supersingular, since 
TT'^i contains a supersingular module M. Moreover, we show that two non- 
isomorphic irreducible supersingular modules give rise to non-isomorphic rep- 
resentations. However, the question of determining all smooth irreducible 
representations vr of G, such that vr^^ contains M, remains open. 

We will describe the contents of this paper in more detail. In Section |2l we 
recall the algebra structure of Ti and the definition of supersingular modules. 

Sections El and IH deal with some aspects of the Fp-representation theory of 
r = GL2(Fg). In SectionElwe give two different descriptions of the irreducible 
Fp-representations of F, one of them due to Carter and Lusztig 'BJ and the 
other one due to Brauer and Nesbitt and a dictionary between them. Let 
U be the subgroup of unipotent upper-triangular matrices in F, then f/ is a 
p-Sylow subgroup of F. If p is a representation of F, then the Hecke algebra 
= Endr(Ind[)l) acts on the ?7- invariants . This functor induces a 
bijection between the irreducible representations of F and the irreducible 
right modules of Tip- 

Every representation p of F has an injective envelope t : p "-^ inj p. By 
this we mean, a representation inj p of F and an injection t, such that inj p 
is an injective object in the category of Fp-representations of F and every 
non-zero F-invariant subspace of inj p intersects i(p) non-trivially. Injective 
envelopes are unique up to isomorphism. In Section 0] we determine the Tip- 
module structure of (inj p)*^, for an irreducible representation p of F. This is 
important to us, so we give two ways of doing it. If p = g then the dimension 
of (inj p)^ is small and this enables us to give an elementary argument. In 
general we use the results of Jeyakumar 0, where he describes explicitly 
injective envelopes of irreducible representations of SL2(Fq). 

Let Of be the ring of integers of F, let K = GL2(0ir). The reduction modulo 
the prime ideal of induces a surjection K T, let Ki be the kernel of 
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this map. The Hecke algebra Tix = Endi<-(Indj^ 1) is naturally a subalgebra 
of Ti. Let M be a supersingular module of Ti, then the restriction of M to 
TIk is isomorphic to a direct sum of two irreducible modules of T-Ck- Since 
K/Ki = r we may identify representations of K on which Ki acts trivially 
with the representations of F. This induces an identification Tix = 'Hr- 
Since the irreducible modules of Tip are in bijection with the irreducible 
representations of F, there exists a unique representation p = pm of F, such 
that p is isomorphic to a direct sum of two irreducible representations of F, 
and p^ = Mlu^. Let p ^ inj p be an injective envelope of p in the category of 
Fp-representations of F. We consider now both p and inj p as representations 
of K. We have an exact sequence 

-p^i -(injp)^i 

of Tii^-modules. The main result of Section HI are Propositions 14.151 (p = q), 
Propositions 14.481 and H^49l (general case), which say that there exists an 
action of H, extending the action of Hr, on (inj p-y)^^, such that the above 
exact sequence yields an exact sequence 

^(injp)^i (E) 

of ?^-modules. The fact that we can extend the action and obtain (jEj implies 
the existence of a certain G-equivariant coefficient system X on the tree X. 

The inspiration to use coefficient systems comes from the works of Schneider 
and Stuhler ^21 and JH] , where the authors work over the complex numbers, 
and Ronan and Smith JT], where the Fp coefficient systems are studied for 
finite Chevalley groups. We introduce coefficient systems in Section El Let 
0"! be an edge on X containing a vertex ctq. Since, G acts transitively on 
the vertices of the tree X, the category of G-equivariant coefficient systems 
is equivalent to a category of diagrams V2AQ. The objects of VJAQ are 
triples (po, Pi, 0), where po is a smooth representation of K{<Jo), pi is a smooth 
representation of R{ai) and is a ^{ai) n.^(o"o)-equivariant homomorphism, 
: pi ^ Po, where A{(Jo) and R{ai) are the G-stabilisers of ctq and ai. The 
proof of equivalence between the two categories is the main result of Section 
El As a corollary we obtain a nice way of passing from "local" to "global" 
information, see Corollarv 15.181 and we use this in the construction of X. 

More precisely, we start with a supersingular ?-^-module M and find the 
unique smooth representation p = pm of K, such that p is isomorphic to 
a direct sum of two irreducible representations of K, and p^^ = M\t-Ij^, as 
above. We then consider an injective envelope p Inj p of p in the category 
of smooth Fp-representations of K. Let cxi be an edge on X fixed by / 
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and let (Tq be a vertex fixed by K. We extend the action of K on Inj p to 
tlie action of F^K = ^(co), so tliat a fixed uniformiser acts trivially. We 
denote this representation by Yq. Let us assume that we may extend the 
action of F^I = A{ai) fl ^(ctq) on IqIfx/ to the action of ^{(Ti). We denote 
the corresponding representation of .^(o"i) by Yi. The triple Y = (yo,^i,id) 
is an object in a category V2AQ, which is equivalent to the category of G- 
equivariant coefficient systems on the tree X, by the main result of Sectional 
So Y gives us a G-equivariant coefficient system I. Moreover, the restriction 
maps of I are all isomorphisms. This implies that 

HoiX,X)\K = lnip. 

In particular, we have an injection 

p^lnip = Ho{X,I^)\K, 

which gives us an exact sequence of vector spaces 

— ^ph — ^Ho{x,iy^ . 

We show in Subsection 16. HI that using (jEj) we may extend the action of F^I 
on Yo\pxj to the action of A{cri), so that the image of p^^ in Ho{X,I)^^ is 
an 7i-invariant subspace, isomorphic to M as an H-module. We let tt be the 
G-invariant subspace of Hq{X,I) generated by the image of p. In Theorem 
I6.25l we prove that vr is irreducible and supersingular. We also show that n is 
the socle of Ho{X,2). The space Ho{X,X)^^ is always finite dimensional, we 
determine the ?^-module structure in Proposition lfi.23[ The proofs rely on 
some general properties of injective envelopes, which we recall in Subsection 
16.21 Using injective envelopes we also give a new proof of the criterion for 
admissibility of a smooth representation of G, which works in a very general 
context, see Subsection 16.2.11 

We would like to explain the thinking behind the construction of the coef- 
ficient system V in Subsection 16.11 Let tt be a smooth representation of G, 
generated by its Ji-invariant vectors. We may associate to vr a G-equivariant 
coefficient system as follows. Given a simplex a on X, we let be the 
maximal normal pro-p subgroup of the G-stabiliser of a. With this notation 
f/^^ = Ii and f/^i^ = Ki. We may consider the coefficient system of invariants 
JF^ = (7r^^)o-, where the restriction maps are inclusions. Since vr is generated 
by its Ji-invariants the natural map 

Ho{X,J^^)^7r 
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is surjective. If we are working over the complex numbers then a theorem of 
Schneider and Stuhler in ^21; says that the above homomorphism is in fact 
an isomorphism. If we are working over Fp, then Ho{X,J-'Tr) can be much 
bigger than vr. 

The construction of V is motivated by the following question. Let M be a 
supersingular module of H and suppose that there exists a smooth irreducible 
Fp-representation vr of G such that ir^^ = M. What can be said about the 
corresponding coefficient system Jv? It is enough to understand the action of 
K on TT^^ This reduces the question to the representation theory of GL2(Fg). 
In Corollary 16. 101 we show that there exists an injection V "—>■ J-'t^ and hence 
every vr as above is a quotient of Ho{X, V). We would like to point out that 
although in most cases we do not know whether such tt exists, the coefficient 
system V is always well defined. Moreover, if vr is any non-zero irreducible 
quotient of Ho{X, V), then we show that vr is supersingular, since n^^ contains 
a supersingular ?-^-module M. This implies that Ho{X, V) is a quotient of one 
of the spaces considered by Barthel and Livne in j2]. Corollarv 16.81 implies 
that at least in some cases the quotient map is an isomorphism. Now the 
Remarque 4.2.6 in ^ shows that in general dimHQ{X,V)^^ is infinite. The 
irreducible representation tt, which we construct in this paper, is a quotient 
of Hq{X, V), moreover the space vr^^ is finite dimensional. Hence, in contrast 
to the situation over C, in general Hq{X,V) is very far away from being 
irreducible. 

We believe that our construction of irreducible representations will work for 
other groups. Our strategy could be applied most directly to the group 
G = GLn{F), where is a prime number. If N is prime then the maximal 
open, compact-mod-centre subgroups of G are the G-stabilisers of chambers 
(simplices of maximal dimension) and vertices in the Bruhat-Tits building of 
G and if we had the equivalent of (jE|) then the construction of the coefficient 
system I and our proofs would carry through. However, in order to do this 
one needs to understand the Tir-module structure of (injp)^, (or at least 
the action of B on (inj p)^, at the cost of not knowing 7i-module structure 
of Hq{X,X)^^), where p is an irreducible Fp-representation of F = GL^^Fg), 
B is the subgroup of upper-triangular matrices, and U is the subgroup of 
unipotent upper-triangular matrices of F. This might be quite a difficult 
problem, since already for N = 2 the dimension of (inj p)^ can be as big as 
2" - 1, if g = p". 

Acknowledgements. I would like to thank Michael Spiess and Thomas Zink 
for a number of useful discussions and for looking after me in general. I 
would like to thank Marie-France Vigneras for her encouragement and her 
comments on this work. 
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1.1 Notation 



Let F be a non- Archimedean local field, its ring of integers, pp the max- 
imal ideal of Of- Let p be the characteristic and let q be the number of 
elements of the residue class field of F. We fix a uniformiser top of F. 

Let G = GL2(-F) and K = GL2(0i?). Reduction modulo pp induces a surjec- 
tive homomorphism 

red: K ^GL2{Fq). 

Let Ki be the kernel of red. Let B be the subgroup of F of upper triangular 
matrices. Then 

B^HU 

where H is the STibgroup of diagonal matrices and U is the subgroup of 
unipotent matrices in B. It is of importance, that the order of H is prime 
to p and t/ is a p-Sylow subgroup of T. Let / and Ii be the subgroups of K, 
given by 

I^red-\B), h^red'^U). 

Then I is the Iwahori subgroup of G and Ii is the unique maximal pro-p 
subgroup of J. Let T be the subgroup of diagonal matrices in K, and let 
Ti = T n Ki = T n Ii. Let be the normahser of T in G. We introduce 
some special elements of N. Let 

The images of II and Ug in N/T, generate it as a group. The normaliser N 
acts on T by conjugation, and hence it acts on the group of characters of T. 
This action factors through T, so if w e N/T and x is a character of T, we 
will write for the character, given by 

Let B be the group of upper-triangular matrices in G, then B = TU where 
T is the group of diagonal matrices in G and U is the group of unipotent 
matrices in B. 

Definition 1.1. Let n be a smooth irreducible Yp- representation of G, such 
that 71 admits a central character, then n is called supersingular if n is not a 
subquotient o/Ind^x, for any smooth quasi- character x '■ B ^ B/U = T ^ 

r. 

p 

All the representations considered in this paper are over Fp, unless it is stated 
otherwise. 
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2 Hecke algebra 



Lemma 2.1. Let V be a pro-p group and let tc be a smooth non-zero repre- 
sentation ofV, then the space vr^ of V -invariants is non-zero. 

Proof. We choose a non-zero vector v in vr. Let p = {Vv)^^ be a subspace of 
TT generated by V and v. Since the action of P on vr is smooth, the stabihser 
Stab-p(f ) has finite index in P, hence p is finite dimensional. Let f i, . . . , 
be an Fp basis of p. The group V acts on p and the kernel of this action is 
given by 

d 

Ker P = Stabp(f j). 

i=l 

In particular, Kerp is an open subgroup of V. Hence, V/Kerp is a finite 
group, whose order is a power of p. Now, 

since V/ Ker p is a finite p-group, see [Hj, §8, Proposition 26. □ 

Let TT be a smooth representation of G, then 

TT^i = Hom7,(l, tt) = HomG(c-Indf^ 1, vr) 

by Frobenius reciprocity. Let Ti be the Hecke algebra 

n = EndG(c-Indf^ 1) 

then via the above isomorphism tt^^ becomes naturally a right Ti-module. 
We obtain a functor 

Repc Mod -n, n ^TT^\ 

where Repf; is a category of smooth Fp-representations of G and Mod —Ti 
is the category of right ?i-modules. Since Ii is an open pro-p subgroup of 
G, Lemma 12.11 implies that vr^^ = if and only if vr = 0. This functor is 
our basic tool. We want to study the structure of Ti. We follow [Hj, where 
finite groups with split i?A^-pair are treated, a lot of the proofs just carry 
over formally. 

Definition 2.2. Let g & G and f G c-Ind^^ 1 we define Tg G Ti. by 
{TJ){hg,) = f(^^92). 
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Lemma 2.3. We may write G as a disjoint union 

G= [j hnh 

n&N/Ti 

of double cosets. 

Proof. This follows from the Iwahori decomposition. □ 

It is immediate that the definition of Tg depends only on the double coset 
Iigli- The Lemma above implies that it is enough to consider T„, where 
n G is a representative of a coset in N/Ti. 

Definition 2.4. Let (f G c-Ind^ 1 be the unique function such that 

Suppv? = h md ip{u) = 1, Vn G /i- 

Lemma 2.5. (i) The function (p generates c-Ind^ 1 as a G-representa- 
tion. 

(a) SuppT„9? = hnli and {Tn(p){g) = 1, for every g G Iinli. In particular, 

wG/i/(-finra-i/in) 

(Hi) The set {Tn^p : n G N/Ti} is an Fp-basis of (c-Ind^ 1)'^^. 
(iv) The set {T„ : n G N/Ti} is an Fp-basis ofH. 

Proof. Let g E G, then Supp{g^^ip) = hg and {g^^ip){Iig) = 1. Part (i) 
follows immediately. 

Let / G c-Ind^ 1, then by examining the definition of T^, one obtains that 
Supp(T„/) C Jin Supp/. Hence, Supp(T„(y9) C Iinli. Since T„ is a G- 
equivariant homomorphism and Ji acts trivially on Lp, it is enough to prove 
that {TnP>){n) = 1. Since Supp(y9 = Ji, it is immediate from Definition 12.21 
that {Tn(p){hn) = (p{Ii) = 1. The last part follows from decomposing hnli 
into right cosets and applying the argument used in Part (i). 

Let n,n' G A^, and suppose that uTi ^ n'Ti, then Lemma 12.31 implies that 
hnli 7^ IiTi'Ii. By Part (ii) the functions T„v9 and Tn'p) have disjoint support. 
This implies that the set {TnP> '■ n G N/Ti} is linearly independent. Any 
/ G (c-Ind^ is constant on the double cosets hnli, for n E N, and since 
Supp / is compact, / is supported only on finitely many such, hence Lemma 
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and Part (ii) imply that {Tn^f : n G N/Ti} is also a spanning set. Hence 
we get Part (iii). 

Let if) E Ti, Part (i) implies that = if and only if V'(v') = 0- This 
observation coupled with Part (iii) implies Part (iv). □ 

Corollary 2.6. Let it be a smooth representation of G and let v G tt^^, then 
the action ofTn on tc^'^ is given by 



un -^v. 



Proof. The isomorphism HomG(c-Ind^ 1, vr) = vr^^ is given explicitly by i— > 
i/j{(p)- Let ip be the unique G-invariant homomorphism, such that ip{(f) = v, 
then 

ueh/ihnn-'^Iin) 

The last equality follows from Lemma 12.51 (ii). Since, is G-invariant, we 
obtain the Lemma. □ 

Lemma 2.7. Let n',n E N and suppose that n normalises Ii, then 

rji rri rri rri rri rji 

-'n'-'ji -'■n'ny -'n-'n' -^-nn'- 

Proof. Lemma 12.51 (i) implies that it is enough to show that the homomor- 
phisms map (p to the same function. Let / G c-Ind^ 1 then since n normalises 
Ji we have {Tn{f)){g) = f{ng) and Tnf = n~^(f. Now the Lemma follows 
from Lemma 12.51 fii). □ 

Let t eT and let h be the image of t in if, via T/Ti = if, we will write 
for the homomorphism T^. 

Definition 2.8. Let x '■ H be a character, we define 



e 



X 



Let 

= ^xV^ 



then ip^ is the unique function in c-Indj^ 1 such that 

Supp p^ = I, if^ig) = xigh), yg e i, 

via the isomorphism i/ii = H. 
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Lemma 2.9. (i) = and e^e^> = 0, if x x' ■ 
(n) id = X^x^X' where the sum is taken over all characters x ■ H ^ . 
(iii) ex(c-Ind^^ 1) = c-Indf x- 

Proof. We note that H is abelian and the order of H is prime to p. Parts (i) 
and (ii) follow from the orthogonality relations of characters. Lemma 12.51 (i) 
implies that ex(c-Ind^ 1) is generated by and this implies Part (iii). □ 

Corollary 2.10. Let tt be a smooth representation of G, then I acts on 
{7!'^^)e^ by a character x- Moreover, 

Proof. The group / acts on tt^^. Since /i acts trivially and I/Ii = H, which 
is abelian and of order prime to p, the space vr^^ decomposes into one di- 
mensional / invariant subspaces. Corollary 12.61 implies that cuts out the 
X-isotypical subspace. The last part follows from Lemma f2. 91 fii). □ 

Lemma 2.11. (i) T„^e^ = e^sT^^, T^e^ = e^sTu. 
(ii) Ifx = X' then 

Ifx^X' then 

Proof. Part (i) follows from Lemma 12.71 Lemma 12.51 (i) implies that it is 
enough to calculate T^^e^y? = T^^LPx- ^PP^yi^S Lemma 12.51 (ii) twice we 
obtain SuppT^^yj^ C K. Hence it is enough to do the calculation in the 
space Ind^ 1. Since Ki acts trivially on this space, it is enough to do the 
calculation in the space Ind[) 1. Then the Lemma is a special case of [Hj 
Theorem 4.4. □ 

Lemma 2.12. Let m > and let w = Uris then the following hold: 

(i) hwhw'^h = 

(ii) hw~^Iiw'''+^ n Jiw^/i = hw'^, 
(ill) T^m = (T^)- = (TnTnT. 
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Proof. The first two parts can be checked by a direct calculation. For Part 
(iii) we observe that 

Supp Tu,Tu;my9 C Iiw SwppTwmLp = IlWllW^Il = Iiw"^^^Ii, 

where the last equality is Part (i). Part (ii) and Lemma [2.51 (ii) imply that 

Since Ji acts trivially on ip and all the homomorphisms are G-equi variant, 
we may apply Lemma 12.51 (ii) again to obtain 

Lemma f2. 51 (i) implies that T^T^m = T^m+i. Induction and Lemma f2. 71 gives 
us Part (iii). □ 

Lemma 2.13. (i) Let n E N , then there exists h E H and integers a G 
{0, 1}, m >0 and 6 G Z such that 

where Tj^^ = T^-i . 

(ii) The elements T^^, Tn, Tn-i and e^, for every character x '■ H ^ , 
generate Ti as an algebra. 

Proof. We note that Lemma |2I3 implies that Tn is invertible with ^ = Tn-i 
and is central in Ti. Every n E N maybe written as = n"(nns)'"n^t, 
where t eT. Lemma IT7I and Lemma [2. 121^ 111) imply Part (i). Hence T„^, Tn, 
Tn-i and Th, for h E H generate Ti as an algebra. Lemma (2.71 implies that 
Th^x ~ x{h~^)e^ and hence Lemma EHl (ii) implies that Th can be expressed 
as a linear combination of idempotents e^. This gives us Part (ii). □ 

Lemma 2.14. (i) The set {e^Tnip : n G N/T, x ■ H ^ F^} is an Fp-basis 
of{c-lnd%iyK 

(ii) The set {e^Tn : n G N/T, x '■ H ^ F^} is an Fp-basis ofH. 

Proof. Since e^T^ = x(/i^^)e^ Lemma fiii) implies that the set {e^Tnip : 
n G N/T,x : ^ Fp} is a spanning set. Since the elements are or- 
thogonal idempotents it is enough to show that the set {e^Tnip : n G N/T} 
is linearly independent for a fixed character x- Lemma 12.51 (ii) implies that 
Supp e^Tnf = Inl. Lemma 12.31 implies that if nT ^ n'T, then e^Tn(p and 
e^Tn'ip have disjoint support and hence the set is linearly independent. Part 
(ii) follows from Part (i) and Lemma f2. 51 (i). □ 
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2.1 Supersingular modules 

All the irreducible modules of Ti. have been determined by Vigneras in [T^ . 
They naturally split up into two classes. 

Proposition 2.15. Let tc be a smooth irreducible representation of G, which 
admits a central character. Suppose that n is not supersingular, then vr^^ is 
an irreducible Ti-module. 

Proof. See ^ E.5.1. □ 

The modules as above could be called non-supersingular, we are interested 
in all the rest. 

Definition 2.16. Let x '■ H be a character, let 7 = {x,X^} ^''^d 

let A G Fp . We define a standard supersingular module to be a right 
Ti-module such that its underlying vector space is 2 dimensional 

and the action ofTi is determined by the following: 
(i) Ifx = X' ihen 

and 

V2ex = V2, V2Tn, = 0, V2TU = Xvi- 

(li) UXt^X' then 

vxCx = ^i^n. = 0' ^i^n = V2 

and 

V2exs = V2, V2Tns = 0, Tn = Xvi. 

To show that these relations define an action of H requires some work, this 
is done in [TB] . 

Lemma 2.17. The modules are irreducible and 
if and only if = •y and A' = A. 
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Proof. The definition immediately gives that does not have a 1 dimen- 
sional submodule, hence it is irreducible. If x' ■ H is a character, such 
that x' ^ 7 then 

M^e^, = 0. 

Hence, 7 = 7'. The element acts on by a scalar A. Hence, A = A'. □ 

The following Proposition explains why are called super singular. 

Proposition 2.18. Let M be an irreducible Ti module, such that M ^ -k^^ 
for any non-supersingular irreducible representation vr, then 

M = 

for some 7 and A. 

Proof See [IE] C.2 and E.5.1. □ 

Corollary 2.19. Letn be a smooth irreducible representation ofG, admitting 
a central character. Suppose that vr^^ contains a submodule isomorphic to 
for some 7 and \, then tt is super singular. 

We will also need to consider the following extension of supersingular mod- 
ules. 

Definition 2.20. Let x '■ H ^ be a character, such that x 7^ > 
7 = {x, x"*} ^.''T'd let A G Fp . Let 

= n/{T^ - x)n 

then we define a right Ti-module to be 

= e^7^Vex(^^T„, - T^Tu)n\ 

The definition seems to be asymmetric in x and x^^ however the multiplica- 
tion from the left by Tn induces an isomorphism 

since Tn is a unit in H^. 

Lemma 2.21. The images of e^, e^Tu, e^Tn^ and e^Tn^Tu in form an 
Fp-basis of L^. 
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Proof. This follows from Lemma f2. 141 fii) and Lemma f2. Ill fii). □ 

Lemma 2.22. There exists a short exact sequence 

^L^ ^M^ -0 

of Ti-modules. 

Proof. Let vi be the image of e^^T^^ in and let V2 be be image of e^TnJTn 
in L^. The subspace (^1,^2)5^^ is stable under the action of T„^, Tn and e^/, 

for every x' : — > . Hence, by Lemma 12.131 (ii) the subspace is stable 
under the action of 7i. From Lemma 12.111 (ii) and Definition 12.161 (ii) it 
follows that {vi,V2)y^ = M^. An easy check shows that L^/M^ = M^. □ 

Lemma 2.23. Let (tt, V) be a smooth representation of G and let ^ G F^ . 
Let 11^ he an unramified quasi- character: 

where valp is the valuation of F . Suppose that tt^^ contains M^, where 
7 = {XjX'^} f^^^ V be the underlying vector space of in V. If we 
consider the representation (vr /i^ o det, V) of G, then the action of Ti on 
V is isomorphic to M^^ . 

Proof. Let 

as in Definition 12.161 Since /i^ is unramified, Corollary 12.61 implies that the 
action of and the idempotents Cy. on V does not change. Lemma [2.131 (11) 
implies that it is enough to check how Tn acts. Since det II = —zup, twisting 
by fi^ o det gives us 

ViTu = n~^t>i = ^~^V2 and f27n = n~^t>2 = C,~^\vi. 

Once we replace Vi by the isomorphism follows from Definition 12.161 □ 

Since, by twisting by an unramified character we may vary A as we wish, we 
might as well work with A = 1. 

Definition 2.24. Let 7 = x^} then we define Ti-modules 

= Ml and = Li. 
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2.2 Restriction to TIk 

Let TIk = Endi^(Ind^ 1). The natural isomorphism of K representations 

Ind^ 1 = {/ G c-Indf^ 1 : Supp f C K} 

gives an embedding of algebras 

Hk ^ Homi^(Ind^ 1, c-Ind^^ 1) ^ HomG(c-Indf^ 1, c-Indf^ 1) = H. 

As an algebra TCk is generated by and e^, for all characters x- 

Definition 2.25. Let x '■ H ^ be a character. Let Jo(x) be a set, such 
that Jo{x) = ^ if X X"*; ^'iT'd Jo{x) = {s}, if X = X'^ ■ Let J be a subset 
of Jo{x)> define M^j to be a right 1-LK-module, whose underlying vector 
space is one dimensional, M^j = {v)^^ and the action of TCk is determined 
by the following: 

ve^ = V, 

vTn, = if s e J or s ^ Jo{x)-, ^^n^ = if s ^ J and s E Joix)- 

Given % and J as above, we will denote 

J=Mx)\J- 

Lemma 2.26. Let x : if — > be a character and let 7 = {x, X*}; then 

as Hk -modules, where J is a subset of Jq{x)- Moreover, if x ; 'then 

L^|„^^(Indf xelndf 

as Hk -'modules. 

Proof. The first isomorphism follows directly from Definition 12.161 Since 
Joix) has at most two subsets, it doesn't matter which subset we take. For 
the second isomorphism we observe that the space (Indf^ x)^^ is two dimen- 
sional, with the basis {(p^,Tn^ip^s}. Moreover, / acts on the basis vectors by 
characters x ^i-nd x^ respectively. Now 

and 

uGh/Ki ueh/Ki 

and Lemma [2. 211 allows us to define the obvious isomorphism on the basis. □ 
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3 Irreducible representations of GL2(Fg) 



3.1 Carter and Lusztig theory 

In jS] Carter and Lusztig have constructed all irreducible Fp-representations 
of a finite group F, which has a 'split BN-pair of characteristic p\ Since 
GL2(Fg) is a special case of this, we will recall their results. Let F be a finite 
group with a i?A^-pair (F, B, N, S). Let H = B (IN, then H is normal in A^, 
and 5* is the set of Coxeter generators ofW = N/ H. We additionally require 
that B = HU, where f/ is a normal subgroup of B, which is a p-group, and 
H is abelian of order prime to p. Moreover, we assume that H = (IneNB"^- 

Theorem 3.1. |^ Let p be an irreducible representation ofT then 
(i) the space of U invariants fF is one dimensional; 

(ii) suppose that the action of B on is given by a character x '■ H ^ , 
via B B/U = H and let J = {s & S : s . p^ = p^} then the pair 
{x, J) determines p up to an isomorphism; 

(Hi) conversely, given a character x '■ H ^ Fp , let Jo(x) = {s G S : 
= x} o^'iT'd let J be a subset of Jo{x) then there exists an irreducible 
representation p^^j ofV with the pair {Xi J) above. 

Proof. This is ||^ Corollary 7.5, written out in detail, see also ^IQ^ Theorem 
3.9 and [Z| Theorem 4.3. □ 

Let Tir = Endr(Ind[) 1). We would like to rephrase Theorem 13.11 in terms 
of Tir-modules. For each s G S' we may choose a representative rig G N. 
Moreover, according to Lemma 2.2, we can choose Ug in a nice way. The 
obvious equivalent of Definition 12 . 21 gives an endomorphism T„ G Tip for each 
n & N. Definition 12.81 for each character x : if ^ F^ gives an idempotent 
G Hr. 

Definition 3.2. Let x '■ H ^ F^ be a character, and let J be a subset of 
Jo{x) define M^j to be a right TCr-module, whose underlying vector space 
is one dimensional, M^^j = (f)p^ and the action ofTi^ is determined by the 
following: 

f Cv = V 
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and for every s E S we have 

( ifseJ, 

t^Tn,= l -V if S e Jo{x), S ^ J , 

[O ifs^Ux). 

Corollary 3.3. The functor of U invariants 

Repr Mod -Ht, P ^ 

induces a bijection between the irreducible representations of T and the ir- 
reducible right Tir-modules. Moreover, if an irreducible representation p^j 
corresponds to the pair (x, J), in the sense of Theorem \3.1\ (Hi), then 

as an Tir -module. 

Proof. Suppose that p^^j is an irreducible representation as above. Then 

and H acts on v., by a character x- Moreover, Lemma f2. 51 and Corollarv 12.61 
hold (with obvious modifications). Hence, ii x '■ H is a character then 

' ' heH 

If X 7^ x' then e^e^' = and hence ve^' = 0. The set {T„^,e^ : s E S,x '■ 
H ^ Fp} generates Hr as an algebra, so to determine the action, it is enough 
to compute 

vTns = "^^^^ 

ueu/unU" 

for every s E S. Now the right hand side is given by |6j Proposition 6.6, 
which implies that p^ j = j. 

Since, by Theorem 13.11 fiii) every irreducible representation of F corresponds 
to a pair (x^J): it is enough to show that every irreducible module M of 
Hr is isomorphic to M^^j, for some pair (x, J). We adopt an argument of 
Vigneras, [1£J E.7.1. We consider a representation p(M) = M Ind[) 1, 
where F acts on the right component of the tensor product. We have an 
injection of right Tir-modules 
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where (p takes value 1 on f/ and vanishes otherwise. Since, (p generates Ind[) 1 
as a F-representation, the image of M in p{M) will generate p(M) as a F- 
representation. Hence, if p is any non-zero irreducible quotient of p{M), then 
since M is irreducible, it will be a non-zero submodule of p^ , but by Theorem 
13.11 (iii), p will correspond to some pair {x, J) and by above M = M^^j. □ 

Remark 3.4. Ideally, we would like to have an analogue of the Corollary 
above for G or more generally for any group of F -points of a reductive group, 
split over F . 

Carter and Lusztig, in ^ construct all the irreducible representations j in 
a very elegant way. For each pair (x, J) they define a F-equivariant homo- 
morphism 

: Ind^ X - Ind£ 

which depends on the geometry of the Coxeter group W , so that 

where Wq is the unique element of maximal length in W . 

From now onwards we specialise to our situation, so that F = GL2(Fg), B is 
the subgroup of upper-triangular matrices, U is the subgroup of unipotent 
upper-triangular matrices, H is the diagonal matrices, is the normaliser 
of in F, that is the monomial matrices and W = N/H is isomorphic to 
the symmetric group on two letters, W = {1, s}. Let 

be a fixed representative of s in A^. In particular, s is the element of the 
maximal length in W and also the single Coxeter generator, so that S = {s}. 
Hence, if x '■ H ^ , then either Jo(x) = or Jo(x) = S. Since 

K/Ki = F, I/Ki = B, h/Ki = U 

to ease the notation, we will often identify the spaces 

{f:T^F,:fiug) = fig), \/gET, E U} 

and 

{/ e c-Indf^l : Supp/ C K} 

in the natural way. In particular, we will use the same notation for the ele- 
ments of T-Ck and Tir and we note that the Definitions 12.251 and IH.2I coincide. 
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Proposition 3.5. For each character x '■ H , such that x = X^t 

Px,s = Im((l + r„J : Ind^ x Ind^ x) 

and let 

PxM = Im(T„^ : Ind£ x ^ Ind^ x) 
then the representations p^^s o-nd p-^^ are irreducible. Moreover, 

pis = {{^ + TnM% = Mx,s and p^,^ = (T^.y,^)^^ = M^,0 

as Tir-modules. For each character x '■ H ^ , such that x 7^ ; 

Px3 = Im(T„, : Ind£ x ^ Ind£ xl 
then the representation is irreducible. Moreover, 

Px,0 = (Tn.y^xh, = M^,0 

as an Tir-module. Further, these representations are pairwise non-isomor- 
phic, and every irreducible representation ofT is isomorphic to p^j, for some 
character x and a subset J of Jq{x)- 

Proof. This is a special case of ^ Theorem 7.1 and Corollary 7.5. The 
isomorphisms of Tir-niodules are given by the Corollary 13.31 □ 

Remark 3.6. Although we do not use this, we note that Frobenius reciprocity 
gives us 

c-lnd|p;,,0 ^ r„,(c-Indf x) < c-Indf 
and if x = X^ then 

c-Ind^ p^,5 = (1 + T„ J (c-Indf x) < c-Indf x- 

Using this, one can relate the central elements of Vigneras in to the 
'standard ' endomorphisms T^r of Barthel and Livne in f^. 

Lemma 3.7. Let x '■ H ^ F^ be a character, such that x = X*- Then the 
homomorphisms e^(l + T„Je^ and —e^Tn^e^ are orthogonal idempotents. In 
particular, 

Ind^ X = Px3 ® Px,s- 
Moreover, let x' : ^ be a character such that x = x' ° det, then 

Px,s = x' ° det p;^,0 = St(g)x' °det 
where St is the Steinberg representation. 
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Proof. Since x = X'' we have 

So the elements above are orthogonal idempotents as claimed. By Proposi- 
tion EiHl the summands they split off are p^^s and p^^0. 

Since x = X^? the character x must factor through the determinant. So x 
extends to a character of F and hence 

Ind^ X = Ind£ 1 O x' ° det . 

So we may assume that x is the trivial character. The Bruhat decomposition 
says that F = BsB U B and hence by Theorem 13.11 (ii) pi^s = 1? the trivial 
representations of G. This implies that pi^ is the Steinberg representation. 

□ 

Corollary 3.8. Let x '■ H ^ be a character, such that x = X"*- Let p be 
any representation ofT, such that for some v & p^ we have 

as an T-Cr-module. Then 

(rt^)F, = Px,J 

as a T -representation. 

Proof. Since v is fixed by U there exists a homomorphism 

^ G Homr(Ind[) l,p) 
such that V'(v^) = The isomorphism of Tir-modules implies that 

v = ve^ = ^{e^v) = tp{<^^). 
Hence, H acts on f by a character x and 

V^^nd^; 1) = He^{ln(fu 1)) = ^(Ind^ x)- 

If J = then 

^((l + T„J</.J=t;(l + T„Je^ = 0. 
Hence, p^^s is contained in the kernel of ip. By Lemma (3.71 

ImV^ = p^,0. 

Since, the image is irreducible and contains v we get the result. The proof 
for J = S* is analogous. □ 



22 



The Corollary has a nice application, which complements |16j E.7.1. 

Corollary 3.9. Let ir be a smooth representation ofG and suppose that there 
exists a non-zero vector v G vr^^ such that 

vei = V, vTn, = 0, vTu = v 

then G acts trivially on v. 

Proof. As an Hk module 

By Corollary 13.81 7^ acts trivially on v. On the other hand 

V = vTu = Il~^v. 

Iwahori decomposition implies that 11 and K generate G as a group. Hence 
G acts trivially on v. □ 

Remark 3.10. There is a version of this twisted by a character. This ex- 
ample will lead us to better things. See B.emark \5.19i 

Lemma 3.11. Let x '■ H be a character, let J be a subset of Jo(x); 

and let J = Jo{x)\J- The sequence of TCr -modules 

M^,j (Ind^ ^x^7 

is exact. Moreover, it splits if and only if x = ■ 

Proof. The space (Ind^ x^)^ is two dimensional, with the basis {T„^(^^, v^^^}. 

If X = X'^ then e^{l-\-Tn,)e^ and —e^Tn^e^ are orthogonal idempotents, which 
split the sequence. 

If X ^ X'^ then for any A, /i G Fp we have 
and 

Hence is the only proper submodule, so the sequence cannot split. □ 
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3.2 Alternative description of irreducible representa- 
tions 



Let Vd^F be an F vector space of homogeneous polynomials in two variables 
X and Y of the degree d. The group K acts on Vd^p via 



^ , {X^-'Y') = {aX + cYy-'{bX + dYy 



For < i < d, let 



m,: = ( ^ ] X'^-'Y' 



where denotes the binomial coefficient. Vectors rrii, for < i < d, form 

a basis of Vd^p- Let Vd^op be the o^-lattice in Vd,F spanned by the rrii, for 
<i < d. An easy check shows that Vd^op is K invariant. Let 

Vd,Fg = Vd,OF ®0F Of/Pf- 

The vectors (8) 1, for < i < d, form an Fg-basis of Vd,Fg- The subgroup 
Ki acts trivially on V^^f,, so wc consider V^^f, as a representation of F. Let 
Fr be the automorphism of F, given by 



Fr : 



a b\ (aP bP 
c dr \cP dP 



Let p be a representation of F. We will denote by the representation of 
F given by 

p^(^)=p(Fr(^)). 

Theorem 3.12. Let F = GL2(Fg) and suppose that q — p". The isomor- 
phism classes of irreducible Fp-representations o/F are parameterised by pairs 
{a, r), where 

- a is an integer 1 < a < g — 1 and 

- r is an ordered n-tuple r = (ro, ri, . . . , r„_i), where < rj < p — 1, for 

every i. 

Moreover, the irreducible representations ofV can be realized overFq and the 
irreducible representation corresponding to {a, r) is given by 



n-l 



Vr,F, ® {detr = K-o,F, ® K:]^^ . . . ® K.,:f, ® ■ ■ ■ ® C_:f, ® (det)-. 
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Proof. This is shown in P], see also Proposition 1 and Ap. 6. We 
remark that since is a unit in Fg if r < p — 1, our spaces really coincide 
with the ones considered in □ 

We fix some embedding l : Fg "—>■ Fp and we will assume that every character 

X : H Fp factors through l. Once we have done that, we will omit l from 
our notation. We will denote 

We need a dictionary between the two descriptions. 

Proposition 3.13. Let x ■ H F^ and let a be the unique integer, such 
that 1 < a < g — 1 and 

and let r be the unique integer, such that 1 < r < g — 1 and 

Suppose that r ^ q — 1, and let r = (ro, . . . , r„_i) be the digits of a p-adic 
expansion of r 

r = ro + rip + . . . + r„_ip""^ 
then X ^''^d p^^^ corresponds to the pair (a, r). More precisely 

Px3 = Ko,F, ® • • • ® CIf, ® (det)^ 
Suppose that r = q — 1, then x = ; 

Px3 = ^p-i,F, ® • • • ® Vp-i^^ ® (det)"^ = St ®(det)'^ 

and 

Px,s = K,,F, ® • • • ® n^^," ® (det)" = (det)'^ 
where St denotes the Steinberg representation. 

Proof. Every character x : if — > F^ is of the form 
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for some integers c and d. Moreover, x = x'^ if and only if 

c — d = (mod g — 1). 

The integers a and r are uniquely determined by the congruences 

d = a (mod g — 1) and c — d = r (mod g — 1). 

By Theorem 13.11 if p is an irreducible representation of F, then dimp^ = 1, 
and by Corollary 13.31 the irreducible representations of F correspond to the 
irreducible modules of the Hecke algebra Hr- Since we have two complete 
lists of irreducible representations, it is enough to match up the corresponding 
irreducible modules. We recall that 

Px,J = Mx,J 

as ?ir-niodules. 

We observe that the action of U on V^^ fixes the vector mo (S> 1. Moreover, 



A 
fx 



mo ® 1 = A'^mo ® 1. 



Let (a, r) be any pair parameterising an irreducible representation of F and 
let 

r = ro + rip + . . . r„_ip""^ 

By picking such (mo ® l)ri in every component of the tensor product we 
obtain a non-zero vector 

(mo ® l)r = (mo (g) l)ro ® . . . ® (mo ® l)r„_i 

fixed by U. The vector (mo l)r spans the space of U invariants, since it is 
one dimensional. Moreover, since the action on the components of the tensor 
product is twisted by Fr we obtain 



A 
/i 



(mo ® l)r = (A/i)"A''(mo ® l)r. 



Suppose that we start with an arbitrary character x '■ H ^ and obtain 
the integers a and r as in the statement of the proposition. 

If r 7^ g — 1, then by above x ■ Let r be the n-tuple corresponding to r. 
Since, i the module g is the only irreducible module of Tip, which 
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is not killed by the idempotent e^. Let (mo l)r be the vector constructed 
above. Since, H acts on (mo ® l)r via the character x, we obtain 

as Tir-modules and that implies the isomorphism between representations. 

If r = g — 1, then x = X*; a^^d the only Tir-niodules, which are not killed by 
e^, are M^^s and 0. We observe that V^^^ is just the trivial representation. 
Let = (0, ... ,0), then the representation corresponding to the pair (a, 0) 
is just 1 (S> (det)'^, which is isomorphic to Px,Si by Proposition 13.71 The only 
case left is r = p — 1 = (p — 1, . . . , p — 1), hence 

M,,0 = (i;_i,p^ v^r;:^^ ® {detrf 

as Tir-modules, since the module 5 is already taken. This implies that 

Px,0 = ^p-i,F, ® (det)'^ = St® {dety 
where the last isomorphism follows from Proposition 13.71 □ 

Corollary 3.14. Suppose that q = p^ and the representation p^j corresponds 
to the pair (a, r). Let r = vq + rip + . . . + r„_ip"~-'^ and let J = Jo{x)\J) 
where Jo{x) = {s G S* : x"* = x}- Then 

Proof. lfr = OoTr = q — 1, then r is of a special form and the isomorphism 
follows from Proposition 13. 13( 

If r 7^ and r 7^ g — 1, we observe that 
and 

The claim follows from Proposition 13.131 □ 
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4 Principal indecomposable representations 



We will recall some facts from the modular representation theory of finite 
groups. Let T be any finite group. We denote by Repp the category of Fp 
representations of F and by Irrr the set of isomorphism classes of irreducible 
representations in Repp. We note that Repp is equivalent to the module 
category of the ring Fp[r]. 

Proposition 4.1. A representation inj is an injective object in Repp if and 
only if it is a projective object in Repp. 

The isomorphism classes of indecomposable injective ( and hence projective ) 
objects in ^epcamma '^'^^ parameterised by Irrp. 

More precisely, if in] is indecomposable and injective, then the maximal semi- 
simple submodule soc(inj) and the maximal semi-simple quotient inj / rad(inj) 
are both irreducible. Moreover, 

soc(inj) = inj / rad(inj). 

Conversely, given p G Irrp, there exists a unique up to isomorphism inde- 
composable, injective object inj p in Repp, such that 

p = soc(injp). 

Proof. See ^3], Exercises 14.1 and 14.6. □ 

We will call indecomposable representations of F, which are injective objects 
in Repp, principal indecomposable representations. 

Remark 4.2. We note that a monomorphism p ^ in] p is an injective en- 
velope of p in Repp . 

Corollary 4.3. We have the following decomposition: 

Fp[T]= (dim p) inj p. 

Proof. Since Fp[r] is an injective and projective object it must decompose 
into a direct sum of indecomposable injective objects. Since 

dimHomr(p, Fp[r]) = dimHom{i}(p, 1) = dimp 

the representation inj p occurs in the decomposition with the multiplicity 
dim p. □ 
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Proposition 4.4. Let U be a p-Sylow subgroup ofT. Then a representation 
p is an injective object in Repp if and only if p\u is an infective object in 
Repc;. 

Proof. This follows easily from |Ll4j, §14.4, Lemma 20. □ 

Proposition 4.5. Suppose that U is ap-group, then the only irreducible rep- 
resentation is 1 and hence the only principal indecomposable representation 
tsY^p]. 

Proof. The first part is ^1], §8 , Proposition 26, the last part follows from 
Corollary lOl □ 

Corollary 4.6. Let inj be an injective object in Repp and let U be a p-Sylow 
subgroup of T, then 

dim inj = diminj'^ \U\. 

Proof. The restriction inj |[/ is an injective object in Repj/. By the above 
Proposition 

inj \u= mFp[U]. 

The multiplicity m is given by: m = dimHom{/(l, inj) = diminj'^ . □ 

In the rest of the section F = GL2(Fg) and U is the subgroup of unipotent 
upper triangular matrices. Given p G Irrr we are going to compute (inj p)^ 
as an Tir-niodule. Once we know the modules we are going to show that if 
we consider inj p^j and inj p^sj as representations of K, then the action of 
Hk on 

(inj p^j © inj p^^^Y' 

extends to the action of Ti, so that if x = x'^ then it is isomorphic to a 
direct sum of supersingular modules and if x 7^ X* then it is isomorphic to 
a direct sum of and supersingular modules. See Propositions 14.481 and 
14.491 for the precise statement. This calculation, becomes of importance in 
Section 16.31 Although, the general case includes the case q = p, if q = p we 
give a different, easier way of doing this. When q = p, the main result is 
Proposition 14.151 
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4.1 The case q = p 

We start off witli no assumption on q. 

Lemma 4.7. Suppose that x 7^ > then there exists an exact sequence 

^ Ind^ x' /^x,0 

of T -representations. 

Proof. Since inj p^_0 is an injective module, there exists ijj such that the dia- 
gram 

^ Px,0 ^ Ind^ x' 

commutes. If Ker?/' 7^ 0, then (Ker-i/;)^ is a non-zero proper submodule of 
(Ind^X^)^ not containing M^^0. By Lemma (3. Ill this cannot happen. □ 

Corollary 4.8. Suppose that x^ X^ then 

dim inj p^,0 > 2q. 
Proof. Corollary 14.61 implies that 

diminjp^,0 = dim(inj p^_0)^|?7|. 

The order of f/ is g and since by Lemma Wl\ Ind o is a subspace of inj 0, 
we obtain 

dim(inj p^,0)^ > 2. 

□ 

Lemma 4.9. Suppose that q = p and x X^ then the sequence of T repre- 
sentations 

^ Px,0 ^ Ind^ x' " ^ 

is exact. 

Remark 4.10. This fails if q ^ p. 
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Proof. The argument below is taken from JH] Ap. 6. We know that 

p^.,0^T„^(Ind^x') 

and p^^0 is isomorphic to the subspace of Ind^ generated by Tn^(p^. Since, 
T^^iPx = we always have 

Px,0 ^ KerT„^. 

If g = p, then by Proposition IH. IHl and Corollary IH. 141 there exists an integer 
r such that 

dim p^^0 + dim p^s_0 = (r + 1) + (p — 1 — r + 1) = p + 1 = dim Ind^ x*- 

Hence the sequence is exact. □ 

Corollary 4.11. Suppose that q = p and let x '■ H ^ he a character, 
such that X 7^ ■ Let p be any representation ofT, such that for some f G p^ 

as an Hr-niodule. Then 
as a T -representation. 

Remark 4.12. This fails if p ^ q, by Remark \4.1C\ it is enough to look at 
Ind^ X/Px^0■ 

Proof. Since v is fixed by U , there exists a homomorphism 

%l) G Homr(Ind^ l,p) 
such that ip{<^) = V. The isomorphism of ?^r-niodules implies that 

V = ve^ = ij{ex<^) =ij{Vx). 
Hence H acts on f by a character x and 

^(Ind[; 1) = He^ilndl 1)) = ^(Ind^ x)- 

Now 

V'(^n.<^xO = vTn^e^s = 0. 
Hence, Px^0 is contained in the kernel of ip. By Lemma (4.91 

lmilj = p^,0. 

Since, the image is irreducible and contains v we get the result. □ 
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Lemma 4.13. Suppose that q = p. If X = then 

dim inj p^, J = p. 

Ifx^X' then 

diminjp^,0 = 2p. 

Proof. 

dim Fp [r] = (dim p) (dim inj p) 

pelrrr 

= (dimp^,0)(diminjpx,0) + (dim p^, <j) (dim inj p^^s) 
x=x° 

+^ X]^^™^x,0)(diminjp^,0) + (dimp^.,0)(diminj p^.,0). 

If X = X'^ then Corollary 14.61 implies that 

dim inj p^, J > p. 
li X ^ X'^ then Corollary 14.81 implies that 

diminjp^,0 > 2p. 
Lemma 14.91 and Lemma 13.71 imply that 

dimp^^j + dimp^, J = p+1. 
We put these inequalities together and we obtain 

dim Fp[r] >"Y{p+l)p = dimFp[r] 

X 

So all the inequalities must be equalities and we obtain the lemma. □ 
Corollary 4.14. Suppose that q = p. If X = X^ then 

(r(injp^,j)%=p^,j. 

In particular, 

as an Tir-module. 

IfXT^X' then 

In particular, 
as an Tir-module. 



(inj p^,j)^ = M 



x,J 



(r(injp^,0)^)p^-lnd^x^ 
(injp^,,)^ = (Ind^x1^ 



32 



Proof. If X = then we have an exact sequence 

^ Px,J ^ inj Px,J 

of F-representations. Since, by Lemma f4. 131 

dimp^ j = dim(inj px,j)^ 

we obtain the Corollary. Similarly, if x 7^ then by Lemma f4. 71 there exists 
an exact sequence 

^ Ind^ x' ^ PxM 

of F-representations. Since, by Lemma f4. 131 

dim(IndB x'f = dim(inj p^^^f 

we obtain the Corollary. □ 

Proposition 4.15. Suppose that q = p, let x '■ H ^ be a character 
and let 7 = {x,X'^}- consider representations inj p^^j and inj p^ j as 

representations of K, via 

K K/Ki = F. 

If X = X^ then the action ofTix on (inj p^ 0©inj p^^sY^ extends to the action 
ofTi. so that 

(inj p^,0 © inj p^^sY' = M^. 

If X X'^ then the action ofTix on (inj p^^0©inj Px^mY^ extends to the action 
ofTt so that 

(inj Px,0 © inj Px^0)^' = L^- 
Proof. Suppose that X = X* by Corollary 14. 141 we have 
(injp^,0©injp^,5)'^ = {T^,^x)F,®{i^+TnJVx)F,=Mxfi®M^,s = M^\n, 

as Tii^-modules, where the last isomorphism follows from Lemma [2.261 It is 
enough to define the action of Tn. If we let 

(^n.^x)^n = (1 + Tnjfx and ((1 + T„J(/?^)Tn = Tn^f^ 

then this gives us the required action. Suppose that x X^y then Corollary 
14.141 and Lemma f2.26l implv that 

(inj p^,0 © inj p^s^^Y' = (Indf x' © Indf xY' = LiW 
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as Tiii'-modules. The space (Indf x^Y^ has basis {Tn^ip^, V^x°} ^^e space 
(Ind^ xY^ has basis {T„^y9^s, ip^}. It is enough to define the action of Tn on 
the basis. If we set 

and 

then this gives us the required action. □ 
4.2 The general case 

Our counting argument breaks down if p 7^ g. The strategy is to restrict 
to SL2(Fg), where the principal indecomposable representations have been 
worked out by Jeyakumar in p. Let 

r = SL2(Fg), B' = Br}V', H' = Hr]T'. 

We note that [/ is a subgroup of T' and G F'. 

4.2.1 Modular representations of SL2(Fg) 

Theorem 4.16. Suppose that q = p". The isomorphism classes of irreducible 
Fp-representations of T' are parameterised by n-tuples r = (ro, . . . , r„„i), 
where < Vi < p — 1, for every i. Moreover, every irreducible representation 
can be realized over Fq and the representation corresponding to an n-tuple r 
is given by 

v;,F, = Ko,F, ® Cf, ® . . . ® kIJ, ® • • • ® CIf, 

where Ki,F, o,re the spaces of Section \3.'A 

Proof. This is done by Brauer and Nesbitt, see [3]. □ 

Corollary 4.17. Let p be an irreducible representation of T , then p |r' is 
irreducible. Moreover, given an irreducible representation p' ofV there exist, 
precisely q — \ isomorphism classes of irreducible representations ofT, given 
by p ® (det)"^, where < a < g — 1, such that 

(p® (det)'^) \t'= p'. 
Proof. This is immediate from Theorem 14.161 and Theorem 13.121 □ 



34 



Remark 4.18. By counting dimensions, we may show that 

(inj(\/_p^®(detr)) |r'=mjK,F, 
as T' -representations. However, we will obtain this directly later on. 

We recall the construction of the indecomposable principal representations 
for SL2(Fg) as it is done in [Oj. The idea is to go from the Lie algebra to the 
universal enveloping algebra and then to the group. 

Let g be the Lie algebra of SL2(C). It has a C-basis 

OA 7, _ A ^ f - /^o 

Let U be the universal enveloping algebra of g. Let Uz be a subring of U 
generated by the elements 

-pk 

over Z. The ring Uz has a Z-basis, which is also a C-basis for U. Let d be 
a non-negative integer and let Vd be the irreducible module of g of highest 
weight d. The space Vd has a C-basis of weight vectors nii, for < i < d, 
and the action of g is given by 



emo = 0, errii = {d — i + l)mj_i, 1 < i < d, 

frud = 0, frrii = {i + l)mj+i, <i <d-l, 

hrrii = {d — 2i)mi, < i < d. 

Let Vd^z be a Z-lattice in Vd spanned by m^, for < i < d. We adopt the 
convention that rrii = if i < oi i > d. Since, 

e'' fd-i + k 



and 



for all k e2.^ , the lattice Vd^z is a Wz-module. Let 

V^d,F„ = Vd,z ®z F„. 
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For every A G we define x{X), y{X) G End(Vd^F ), by 



A?! 



k>0 



and 

y(A)(t;®l) = 5^A'=(^i;®l). 

A:>0 

Since e and / act nilpotently on Vd this sum is well defined. There exists a 
unique homomorphism 

SL2(Fg) ^ End(\/,,Fj 

such that 

J ^j^a;(A) and y(A). 
This gives us a representation of F'. To ease the notation, we denote 

We will refer to {nii^Fq : < z < rf} as the standard basis of Ki,Fq- The action 
of F' is determined by 



1 
A 



This gives 



Q ] - A rrii^Fq- 



At first we resolve the ambiguities in our notation. 

Lemma 4.19. Let Ki^Fg be a representation ofT constructed in SectionU". 

Then 

Vd,Fq\r' — Vd,F„- 
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Proof. The isomorphism is given by 

An easy check shows that the isomorphism respects the action of matrices 
and (\ for all A G F^. Since, these matrices generate T' we 



IJ \\ 1^ 

are done. □ 

The Lemma above is the reason, why we wanted to work over F^. We drop 
the tilde from our notation and go to Fp. 

For each r, such that < r < p — 1, Jeyakumar finds a F'- invariant subspace 
Rr of the representation ^„i_r Fp ® ^-iFp' such that dimi?^ = 2p. Let 
Rp-i = ^_i^Fp, then dim_Rp_i = p. The main result of can be stated as 
follows. 

Theorem 4.20. 0/ Suppose that q = p^. Let r = (rg, . . . he an n- 

tuple, such that < rj < p — 1, for every i. Let 



R, = Rr,®Rll® RZ_~, 



Ifr^O, then 
And 



i?r = injV;,F„• 



i^o = inj Vo © inj V^_-, -p^ 
where p — l = {p— l,...,p — 1) and = (0, . . . , 0). 

Remark 4.21. Our indices differ slightly from J^. 
4.2.2 Going from SLiiF^) to GL2(Fg) 

We will recall how the subspaces Rr are constructed and show that they are 
in fact F- invariant. That this should be the case is indicated by Remark 14.181 
The twisted tensor product will give us principal indecomposable represen- 
tations of F. Since the spaces Rr have a rather concrete description, this will 
enable us to work out the corresponding Tir-niodules. 

Lemma 4.22. Let V be a representation of F and let W be a V -invariant 
subspace of V . If W is invariant under the action of H , then W is F- 
invariant. 
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Proof. Let v & W and (7 G F. We may write g = g'gi, for some g' G T' and 
gi E H. Then 

Hence W is F-invariant. □ 

Let r be an integer such that < r < p — 1. Let {fj}, for 0<i<p— 1 — r 
be the standard basis of l^.^.^p^ and let {wj}, for < j < p — 1 be the 
standard basis of ^_i,f • -^^^ < i < 2p — r — 2, we define vectors Ei in 
^p_i_,,F, ®^p-i,F,. by ' 

Ei= ^ Vk^ wi. 

k+l=i 

It is convenient to extend the indexing set to Z by setting iJj = 0, if z < or 
i > 2p — 2p — r. 

Lemma 4.23. The sequence ofT representations 

^ ^2p-r-2,Fp ^ ^-l-r,Fp ® ^-l,Fp 



"^i,Fp Ei 

is exact. 

Proof. If r = p — 1 then this is true trivially. If r ^ p — 1 then the map is 
F'-equivariant by Lemma 4.2. So by Lemma 14.221 it is enough to show 
that it is if-equi variant. Since 



A 
/i 



and 



(0 °) = A'""^"'"V^^ 



we are done. □ 

Definition 4.24. Let r be an integer, such that < r < p — 1. For 

0<i<p^r — 1, let ai be integers defined by the following relation: 

ao = and ai = {p — r — 2)\ 

and 

(-l)^(r + l)...(r + i) 

O-i+l — Cti + 7 7 : ~ "^oj- 

[p — r — 2) . . . [p — r — I — 1) 
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Let Z be a vector in ® ^-i,Fp fl'^'^^en by 

Z = ao{vQ (g) Wp^r-l) + 0.1(^1 ® + • • • + ttp^r-liVp-r-l ® ""^o), 

and let be a subspace of ^_i_r,Fp ® ^-i,Fp fl'^f^en 6?/ 

/ r 

Rr = {Eq, . . . , E2p-r-2, Z, —Z, . . . , — Z)p^. 

Moreover, for r = p — 1 we define 

Rp-l = ^-l,Fp- 

Proposition 4.25. Let r 6e an integer, such that < r < p — 1, then Rr is 
a T -invariant subspace of Fp ® ^-1 Fp- Moreover, if r ^ p — 1, then 

diuiRr = 2p 

and if r = p — 1, then 

dimi?p_i = p. 

Proof. If r = p — 1 then there is nothing to prove, since Rp-i = V^-ip^- If 
r ^ p — 1 then by [HI Theorem 4.7 Rr is F'-invariant and dimi?,. = 2p. So by 
Lemma 14.221 it is enough to show that Rr is //-invariant. For v G V^_^_x^f 
and w & V„ , ^ we have 

f{v ®w) = fv®w + v® fw. 

Hence, for < k <r we have 

—Z e {vi+i (g) Wp-r~i-i+j \ i+j = k, < I < p - r - l)p^ 
with the usual 'vanishing when not defined' convention. Since 



A 




Vi+i (g) Wp.r-l-l+j =AP~"-^-'->'+'^A"+'">P"''"^"'+^'t;i+i ® Wp^r-l-l+j 
= \P-^-^^f-''~^^^Vl+, ® Wp^r-l-l+j 



the group H acts on each j^Z, for < A; < r by a character. We combine 
this with Lemma f4.2HI and obtain that Rr is H invariant. □ 
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Lemma 4.26. We have 

— Ep_r-l = 

if and only if k > r + 1. For k > 1 we have 

In particular, U fixes Ep^^-i o-i^d the action of H is given by 



Proof, li r — p — 1, then this is trivial, li r ^ p — 1 then for k > we have 
/^^ fp-r-l + e 



We observe that Ep^^-i+k vanishes trivially, ii k >p. Ifr + l</c<p— 1, 
then we write A; = r + 1 + j , where 0<j<p — r — 2. The binomial coefficient 
becomes 

3+P 
JO — r — 1 

Since < r < p — we have 1 < p — r — 1 < and since < j < p — r — 1, 
p divides the binomial coefficient. Hence 

— Ep_r-1 = 

for k > r + 1. li < k < r, then p — r — l<p — r — 1 + A;<p — 1 and the 
binomial coefficient does not vanish. Hence 



fk 
k\ 



— Ep_r-1 7^ 



for < A; < r. Let k >0, then 

We observe that Ep_r-i-k vanishes trivially, ifA;>p — r — 1. Suppose that 
1 < A; < p—r — 1, then we may write k — j — 1, where < j < p—r— 2 < p—1. 
The binomial coefficient becomes 

j +p 
p — 1 
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Since j < p — 1, p divides the binomial coefficient, and hence 

yEp_r-l = 

k 

for all > 1. Since the action of U is given in terms of ^ this implies that 
U fixes Ep^r-i- An easy verification gives us the action of H. □ 

Proposition 4.27. Let Wr be a subspace of Rr given by 

Then Wr is T-invariant. Moreover, 

and 

Wr = {TEp^r-ih^ = K,F, ® (det)^--\ 

Proof. If r = p — 1 then Wp-i = Vp_i and we are done. Otherwise, since 
Wr has a basis of eigenvectors for the action of H, it is enough to show that 
Wr is r'-invariant. Since the action of F' is given in terms of the action of 
Uz it is enough to show that Wr is invariant under the action of Uz ■ Lemma 
14.261 implies that Wr has a basis ^Ep_r-i, for < < r. We observe that 
Lemma (4.261 also implies that 

for < A; < r and / > 0. Suppose that < A; < r and I > k + 1 then 

This follows from the multiplication in Uz, see §26.2, and Lemma [4.261 If 
0<l <k<r, then 

/p-r-l + k\ e' 

Hence Wr is invariant under the action of Uz and hence under the action of 

r. 
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We know from Lemma 14.261 that Ep_r-i is fixed by U. The action of H 
sphts Wj/ into a direct sum of one dimensional subspaces. Suppose that 
dimWl/ > 2. Since H acts on each vector Ep^r-i+k by a distinct character 
for < A; < r, we must have Ep^r-i+j G , for some 1 < J < t. This 
imphes that 

eEp_r-i+j = ip — j)Ep_r-2+j = 0. 

Hence p must divide j and this is impossible. Hence, dimWy = 1. 
Since Wr is F- invariant, we have 

We may choose r + 1 distinct elements Aj in Fg. Then 



[I ^^Ep^r-l-jZ^lj^Ep^r-l. 



Let y4 be an (r + 1) x (r + 1) matrix, given by Aki = A^, for < i, k < r, with 
the convention that 0° = 1. Then det A is the Vandermonde determinant, 
which is non-zero, since all the Aj are distinct. Hence, A is invertible and 

for all < A; < r. Hence, Wr = {TEp^r-ih ■ 



■ p 

Since dimW^ = 1 and Wr = (TW^)^^, the representation Wr is irreducible. 
To decide, which one it is, we may proceed as in the proof of Proposition 
13.131 Since r < p — I, the action of B on W^ implies that Wr — ® 
(det)P-^-^ ' " □ 

Lemma 4.28. The vector Eq is fixed by the action of U. Moreover, H acts 
on Eq by 

°^ Eo = viXfiy-'-'iXfx-y-'-'Eo. 

Proof. Since, Eq = vq ^ Wq this is immediate. □ 

Definition 4.29. Suppose that q = p^ and let r = (ro, . . . ,Tn-i) be the n- 
tuple such that < ri < p—1, then we define a representation Rj, ofV, given 
by 

where Rr^ are T -representations of Definition \4 . 24 
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Definition 4.30. Suppose that q = p^ and let r = (ro, . . . ,t„_i) he an n- 
tuple, such that < rj < p — 1, for every i. Let e = (eo, . . . ,e„-i) be an 
n-tuple, such that G {0, 1} for every i. We define a vector 

be = £'(l-eo)(p-l-ro) ® • • • ® ^(l-e„_i){p-l-r„_i) 

in Rr, where i?(i_ej)(p-i-r,) is a vector in Rr^, for each < i < n — 1. 

Definition 4.31. Suppose that q = p^ and let r = (ro, . . . ,Tn-i) be the n- 
tuple, such that < < p — 1, for < i < n — 1. We define Sr to be the 
set of n-tuples (eo, . . . , e„_i), such that 

Cj = 0, if Ti = p — 1 and ti G {0, 1}, otherwise. 

We will write = (0, . . . , 0) anc? 1 = (1, . . . , 1). 

Remark 4.32. We hope to prevent some notational confusion. Since we 
want Lemma \4.33\ to hold and since dimR^_^^ = 1, if = p — 1, we have 
to make a choice for ei, between and 1. We choose 0, since then we can 
state Lemma \4.3^ in a nice way. However, if = p — 1, then 

(1 - 0)(p - r, - 1) = (1 - l)(p - - 1) = 

so it does not matter, whether = or ei = 1, and we will exploit this in 
our notation. We note that the definition of he is independent of the set Er 
and we might have e G Sr, e' ^ Sr, but = b^'. 

Lemma 4.33. The set {b^ : e G Sr} is a basis of R^ . 

Proof. Let r be an integer, such that 0<r<p — 1. Ifr=p — 1, then 
dim Rr = p and Eq is in R^! . IfO<r<p — 1, then dim Rj. = 2p and Eo and 
Ep_i_r are two linearly independent vectors in R^ . 

Let r be an ra-tuple. Then by above vectors be, for e G Sr, span a hnear 
subspace of R^ of dimension |Er|. Also by above, dim_Rr = |Sr|g. Since, U 
is a p-Sylow subgroup of F' of order q and by Theorem I4.2UI -R^ is an injective 
object in Repp/, Corollarv 14.61 implies that 

dimi?^ = |Sr|. 

Hence, the set {be ■ e E Sr} is a basis of R^ . □ 
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Lemma 4.34. Let r = (ro, . . . , r^-i) be an n-tuple, with < r-j < p — 1, let 

e = (eo, . . . , Cn-i) be an n-tuple such that G {0, 1}, for every i, and let 
be a vector in 1^ , then the action of H is given by 

(o I!) = A'-(A/i)''-i-^(A/i-i)^-(P-'-^i)6, 
where r = ro + rip + . . . r„_ip"~-'^ and 

£ . (p - r - 1) = eo(p - ro - 1) + ei (p - ri - l)p + . . . + e„_i(p - r„_i - 

Proof. This follows from Proposition 14.261 and Lemma 14.281 We note that 
the action on each tensor component is twisted by Fr. □ 

Lemma 4.35. Suppose that q = p"' and let r = (ro, . . . , r„_i) be an n-tuple, 
such that < Ti < p — 1, for each i. Let bo be a vector in R^. Let 

r = ro + rip + . . . r„_ip""\ 

Then 

(r&o)F, = K,F, ® (det)''-^- 

as a r -representation. 

Proof. Let W,. be the subspace of given by 

with the notation of the Proposition 14.271 We have 

^ {Tboh^ < Wr. 

Proposition 14.271 applied to every tensor component implies that 

Wr = K^F^ ® (det)^-^^'- 

which is irreducible. Hence, we must get the whole of W^. □ 

Corollary 4.36. Let x '■ H and let a and r be unique integers, such 

that 1 < a,r < q — 1 and 

Let r = ro + rip + . . . + rn-ip"'~^, where < Vi < p — 1 for each i, and let 
r = (ro, . . . ,r„_i). Ifx^X' then 

inj p;,,0 = i?r ® (det)"+^ 

Ux = X' then 

inj p^,0 = i?p_i ® (det)"^ ^ Vp-i.F, ® (det)^ 
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Proof. Lemma f4.35l implies the existence of an exact sequence 



-K.F, -i?r® (detr 

of F-representations. It is enough to show that Rr is an indecomposable 
injective object in Repp. The rest follows from Propositions 13. l51 and H?T1 

Theorem 14.201 says that the restriction of -Rr to F' is indecomposable. In 
particular, must be indecomposable as a F-representation. Moreover, 
Theorem 14.201 says that the restrictions of Rr to T' is an injective object in 
Repp/. Since f/ is a p-Sylow subgroup of both F and F', Proposition 14.41 
implies that Rj. is an injective object in Repp. Finally, the last isomorphism 
follows directly from the definition of -Rp_i. □ 

4.2.3 Computation of 7-^p-modules 

We will compute the action of Tn^ on R^ . 

Proposition 4.37. Let q = p"' and let r = (ro, . . . , r„_i) be the n-tuple, such 
that < Tj < p — 1, for every i. Let £ G and let be a vector in Rr- 

(i) Suppose that for some index j , ej = and rj^p — l then 

un~^be = 0. 

(a) Suppose that r ^ 0. Moreover, suppose that for every i, if ti = 0, then 
Ti = p — 1 then bs = b\ and 



Y^un:^br = {-lf+\%o 



where |r| = ro + rip + . . . + r„_ij9' 
(Hi) Suppose that r = and e = 1, then 

"^un-^bi = -{bo + bi) 



This covers all the possible pairs {r,e), such that e G Sr. 

Remark 4.38. We note that b\ is well defined even if 1 ^ Sr. See Defini- 
tions^^ and^^^ 
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Proof. Let r be an integer such that < r < p — 1 and let e G {0, 1} such 
that e = 0, if r = p — 1. Let £'(i_e)(p_r-~i) be a vector in Rr. We observe that 

If r 7^ p — 1 this follows from Lemma [4.2^1 and if r = p — 1, this follows from 
the isomorphism -Rp_i = ^_i_Fp- Moreover, 

-7£;p_i = 0, if A; > r and —E2p-2-r = 0, if A; > 2p - 2 - r. 

Let r be an n-tuple, r = (ro, . . . , r^.i) and let e G Sr. Then 

D^O p^n— 1 



^i?p-i+eo(p-.o-i) ® • • • ® fc;;:^ 



-^p-l+e„-l(p-r„_i-l) 



where e . (p — 1 — r) = Yl^=o ^i{p ~^ ~ ^i)p^- We have acted by on each 
tensor component and then expanded the action of m G f/ on each tensor 
component and rearranged the summation. We will show that the the terms 
in the sum vanish, unless 

(fco,...,fc„-i) = . . . or (fco, . . . , fc„_i) = (2(p-l), . . . ,2(p-l)) 

and r and e are of a special form. 

Step 1. We claim that if = 1 then it is enough to consider fcj = and if 
ej = 1, then it is enough to consider ki= p—1 and fcj = 2p — — 2, since all 
the other terms in the sum vanish. 

We observe that for each i, if = then it is enough to consider < fcj < 
and if ej = 1 then it is enough to consider < fcj < 2p — 2 — r,. This follows 
by looking at a single tensor component as above. Moreover, we observe that 

— i?p_l+e,(p--r,-l) G (-Ep_i+e,(p-ri-l)-A:i)Fp. 

The vector X]«g(7 ^^s"^^e is fixed by U. By Lemma |4.HHI vectors 6^/, for 

e' G Sr, form a basis of . Hence, for each it is enough to consider ki of 
the form 

/Ci = p - 1 + (ei - - - 1) and /cj = p - 1 + ej(p - - 1) 
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since all the other terms must vanish. If = and ki is of the form as above 
then the inequality ki < ri can be fulfilled if and only ii ki — ri. If ej = 1, 
then ki <2p — Ti — 2 implies that ki — p — 1 or ki — 2p — Vi — 2. 

Step 2. Let k — kQ-\- kip + . . . + kn-ip""^- We claim that if £ = 1 and r = 0, 
then it is enough to consider two cases k — q — 1 and 



and otherwise it is enough to consider the case k — q — 1, since all the other 
terms in the sum vanish. 

Step 1 implies that it is enough to consider n-tuples {kg, . . . , kn-i), such that 
< k < 2{q — l). Moreover, the upper bound is obtained if and only if r = 0, 
£ = 1 and {ko, k^-i) = (2(p - 1), . . . , 2(p - 1)). If A; = or A; > and 
q — 1 does not divide k then 



We note that 0*^ = 1 comes from the action by the identity matrix. If A; > 
and q — 1 divides k, then 



This estabhshes the claim. 

Step 3. We claim that if A; = g — 1, then it is enough to consider ki—p — 1, 
for every i, since all the other terms in the sum vanish. 

We use Step 1 to define integers and a-, such that for each i 



and < Oj, a- < |) — 1, as follows. If = 0, then = and a- = 0. If e.^ = 1 
and ki = p — 1, then a, = p — 1 and a'^ = 0. If = 1 and A;.; = 2p — — 2, 
then tti = p — 1 and a- = p — 1 — rj. Then q — 1 = k implies that 

ao + aip+. . . + an-ip''~^ = {p-l-ao) + {p-l-a[)p+ . . . + {p-l-a'^_^)p''-\ 

Since < Cj, < p — 1, for every i, this implies 



If ej = 1 and k^ = p — 1, then we are done. Otherwise if = or = 1 
and ki — 2p — 2 — Ti then above implies that Ti—p—l. This establishes the 
claim. 



(Ao,...,A„_i) = (2(p-l),...,2(p-l)) 





di -\- Cli — ki 



tti = p — 1 — a'i, Vi. 
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Step 4- Suppose that for some index j, ej = and rj ^ p — 1, then Steps 
1, 2 and 3 imply that all the terms vanish. So we obtain part (i) of the 
Proposition. We note that this case includes r = and e ^ 1. 

Step 5. Suppose that r 7^ 0. Moreover, suppose that for every if ei = 
then r j = p — 1. We will compute what happens on each tensor component 
if ki = p — 1. If Cj = 0, then r j = p — 1 and 

F -fP-^^F - F 



If = 1 then 



The above calculation gives us 

Since, by Steps 2 and 3, it is enough to consider a single term in the sum 

(/co, . . . , fc„_i) = (p- 1) 

and by Definition 14.301 60 = Ep^r^-i ® ■ ■ ■ ® -£^p-r„-i-i- Moreover, if p = 2, 
then 1 = — 1 and if p 7^ 2 then 

^_]^^p-i+e,(p-i-n) _ (^^lyi 

trivially, if = 1 and since r, = p — 1 if = 0. We get an extra —1 from 
summing over A G F^. This accounts for the sign. We claim that in this case 
fee = bi. Indeed, if rj 7^ p — 1 then = 1 and if rj = p — 1, then 

(1 - ei){p - 1 - r,) = (1 - l)(p - 1 - r,) = 0. 

Hence, = b\, see 14.301 This establishes part (ii) of the Proposition. 

Step 6. The only case left is r = and e = 1. The only difference to Step 5 
is that we get a contribution from (fco, ■ • ■ , ^n-i) = (2(p — 1), ... , 2(p — 1)). 
More, precisely 



:E2p-2 =1 - \ En = En 



(2p-2)! \ 

And by Definition IQUl b-s_ = Eq ® . . . ® Eq. Hence, 

'^un^^bx = -(61 + bo). 

The minus sign comes from summing over A G Fg. This establishes part (iii) 
of the Proposition. □ 
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Remark 4.39. We think ci/(8)(det)" as a twist, that is, it changes the action, 
but does not change the underlying vector space. Moreover, since U <r' and 
Hs G r', Proposition \4-3l\ does not change if we twist the action by (det)". 

Remark 4.40. We know that something like 
has to happen by Lemma \4.T\ 

Lemma 4.41. Let hi and bo be vectors in Rq. Then 

(r(6i + M)F, = Vi,F.- 

Proof. The vector bi + bo is fixed by U. Moreover, by Lemma 14.341 H acts 
trivially on it. By Proposition 14.371 

(&i + bo)Tn, = Y,un-\bi + bo) = + &o). 

Hence 

{bi + 6o)f, = ^1,0 

as Tir-module and Lemma gives us the result. □ 

Corollary 4.42. Let x '■ H be a character, such that x = X'^ ^'^^ 

a be the unique integer, such that 1 < a < q — 1 and 

then 

inj p^,5 © inj p^^n = Ro ® (det)". 

Proof. This is a rerun of the proof of Corollaryl^nni Lemma r4.35l and Lemma 
14.411 implv the existence of an exact sequence 

Vo,F, © Vp_i ^ i?o 

of F-representations. So it is enough to show that Ro is an injective object 
in Repp and that it has at most 2 direct summands. The rest follows from 
Proposition 14. II and Proposition 13. 131 Theorem 14. 201 savs that the restriction 
of -Ro to r' has exactly 2 direct summands, hence Rq may have at most 2 
direct summands. Moreover, Theorem 14.201 says that the restriction of Ro 
to r' is an injective object in Repp/. Since f/ is a p-Sylow subgroup of F 
and F' contains U, Proposition 14.41 implies that -Ro is an injective object in 
Repp. □ 
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X 



Definition 4.43. Let a : H ^ F be a character, given by 



a 



Lemma 4.44. Suppose that q — p^ and let x '■ H ^ be a character. Let 
r be the unique integer, such that < r < g — 1 and 

Let r = To + rip + . . . + r„_ip"~^, where < r j < p — 1 for each i, and let 

r = (ro, . . . ,r„_i). 

Let e = (eo, . . . , e„_i) be an n-tuple, such that e {0, 1} for every i, then 

Moreover, ifr — 0, then we suppose that e ^ and s ^ 1, then 

where £ . (p - 1 - r) = Y11=q ^i{P - n - ^)p' ■ 

Proof. Since twisting by s does not affect det we may assume that 

Then the first part of the lemma amounts to 

For the second part, we observe that the cquahty holds if and only if 

^r+2£.(p-l-r) _ ^r+2£.(p-l-r) 

for every A, // e . Hence, equality holds if and only if 

n-l 

+ 2(p - 1 - r^Ciy = (modg-1). 

1=0 

Since, e {0, 1} we have 

Q<ri + 2{p-l-ri)ei<2{p-l). 
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The congruence implies that r + 2£: . (p — 1 — r) must take values 0, g — 1 or 
2{q — 1). The extreme values are obtained if and only if r = and £ = or 
r = and e — 1. By our assumptions, both cases are excluded. If 

r + 2£.(p— 1 — r) = g — 1 

then we rewrite this as 

n—l n—l 

J2{p - 1 - nhp' = J2^p - 1 - - ei)p\ 

i=0 i=0 

Hence, for every i we must have 

(p - 1 - ri)ei = (p - 1 - ri){l - Cj). 

Since 2ej 7^ 1, for every i, this forces ri — p — 1, for every i, but r < q — 1, 
hence this case is also excluded. □ 

Definition 4.45. Suppose that q — p^ and let r — (ro, . . . ,r„_i) he an n- 
tuple, such that < r j < p — 1 for every i. We define 

given by 5i = 1 if r.^ ^ p — 1 and di = if r.^ = p — 1. 
We further define to be a subset of Er given by 

E; = Er\{0,(5}. 

Remark 4.46. We note that if p — q or r — (p — 1, . . . ,p — 1), then E^ = 
and we always have bs = bi. 

Lemma 4.47. Suppose that q = p^ and let x '■ H ^ be a character. Let 
r be the unique integer, such that < r < g — 1 and 

x((o '-^)) = y VAGF^ 

Let r = To + Tip + . . . + r„_ip"^^, where < r j < p — 1 for each i, and let 

r = (ro, . . . ,r„_i). 

If r = then we consider inj p^^s (ind if r we consider inj p^^0 as repre- 
sentations of K on which Ki acts trivially. 
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Suppose that e G S^. If r = then we regard and as vectors in 
(inj Px,s)^^ via the isomorphism of Corollary \4-4^ If^^O then we regard 
and as vectors in {mj p^^q)^^ via the isomorphism of Corollary \4.36\ 

Then the action ofTCx on 6i_e)p^ extends to the action ofTi, so that 

as an Ti-module, where 

7. = 71-. = 
Proof. To ease the notation, let 

We observe that if = 6o, then e = 5 and if = hs then e = 0. Since 
£ G neither of the above can occur. 

By Lemma (4.341 and taking into account the twist by a power of det, I acts 
on hfr via the character ip. By the same argument and Lemma f4. 441 J acts on 
via the character %p^. Hence, 

h^e^ = be and fei-^e^s = bi_e. 

Moreover, Lemma [4.441 savs that ip ^ The case r = is not a problem, 
since e G Sq implies that 1 — e G Sq. Since H acts on be and by different 
characters, they are linearly independent. Proposition 14.371 implies that 

beTn, = ^ un^^be = and 6i-eT„^ = ^ un^^bi-e = 0. 
Hence, by Lemma (2.261 

{be, bi^eh, = {beh, © {bl-eh, = ^^,0 © ^^^0 = ^tJ^k 

as Tii^-modules. So we define 

beTn = bx_e and fei-^Tn = be 

which gives us the required isomorphism of 7i-modules. □ 

Proposition 4.48. Suppose that q = p"' and let x ■ H ^ be a character, 
such that X = X*- consider the representation 

inj Px,0 © Px,s 
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as a representation of K , such that Ki acts trivially. We may extend the 
action ofTix on 

(inj p^,0 © inj p^^sY^ 

to the action ofH, such that (inj p^ ©inj Px,s)^^ (is an H-module is isomor- 
phic to a direct sum of T^'^ supersingular modules ofTi. 

More precisely, for every e E T^q we consider as vectors in 

(inj p^,0 © inj p^^sY^ 

via the isomorphism of Corollary \4-4^ Then the action of Tix can he ex- 
tended to the action of Ti so that 

where 7 = {x}- If e eT,'q, then 

where 7^ = 7i_£ = x(q^^"^^~"'"'*)'*}- 

Proof. Since, by Lemma 14.331 for e G Sq form a basis of -Rq, the second 
part implies the first. Since Sg = So\{0, 1}, the last part of the Proposition 
is given by Lemma [4.471 

Lemmas 14.351 and 14.411 imply that 

as an ?ii^-module. Hence, by Lemma 12.261 

{bo, 61 + &o)f, = Mx,s ® M^,0 = M^\h^ 

as TiiiT-modules. Hence, if we define 

boTn = bo + bi and (60 + bi)Tu = bo 

we get the required isomorphism. □ 

Proposition 4.49. Suppose that q = p^ , let x '■ H ^ be a character, 
such that X ! ^'^^ o- ^'^^ ^ be unique integers, such that 1 < a,r < q—1 
and 

°)) = A" VAGF^^ x((o x-i)) = ^' yXEF^. 
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Let r = tq + Tip + . . . + Tn-ip"' where < r j < p — 1 for each i, and let 

r = (ro, . . . ,r„-i). 

Then 

inj p^,0 © inj = i?r <S) (det)"+'' © i?p_i_r ® (det)'' 
where p— 1 — r = (p— 1 — ro,...,p — 1— Tn-i) . 

We regard the representation inj p^ j © inj p^^o a representation of K , on 
which Ki acts trivially. Let c and d he the cardinality of the sets: 

c = \{ri : Vi p - 1}\ and d = \{ri : Vi 0}\ 

then we may extend the action ofTix on 

(inj Px,0 © inj Pxs0)^' 

to the action of H, such that (inj p^ © inj Px'>fi)^^ o,s an Ti-module is iso- 
morphic to a direct sum of and 2^^^ + 2'^~^ — 2 super singular modules of 

n. 

More precisely, let he, for e G Sr, he a hasis of (inj p^^0)-'^i and let b^, for 
e G Sp_i_r; he a hasis of (inj p^s 0)-'^i via the isomorphism ahove. Then the 
action ofTix can he extended to the action ofTi so that 

and 

(&o,&o)f, = ^7 
where 7 = {XiX^}- U ^ ^ ^r; then 

{heM-eh^=M,^ 

where 7^ = 7i_e = {xtt'"^^"^"'"^ (xa^'^P^^^""))"}. If e E Sp_i_r ihen 
where 7^ = 7i_£ = {x^cn'^'^, {x'^cn'^'^Y} ■ 

Proof. The first part of tlie Proposition follows from Corollary 14.361 and 
Corollary 13.141 For the second part we observe that since x 7^ X'*? ^6 have 
r q — 1 and hence vectors 60, hi, bo and bi are linearly independent. Lemma 
14.351 implies that 

(6o)f^ = M^,0 and (6o)f, = ^x^0 
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as Tii^-modules. Lemma 14.341 with the appropriate twist by a power of det 
says that H acts on by a character xoi^'^^~^~^^ and H acts on bi by a 
character x^c^'^''^- Lemma (4.441 imphes that 

^^i.(p^i-r) ^ and xV-^ = x. 

Hence, 

bie^s = bi and feiCj^. = 61. 
Proposition 14.371 imphes that 

and 

ueh/Ki 

Hence, by Lemma (2.261 

{bo, 61, bo, &i)fp = \nK 

as 7ii<-modules. We note that if p = 2 then 1 = — 1 and if p 7^ 2 then 
^_iy^r ^ ^_iY+\ So if we define 

biTn = h, hTu = bi, boTn = bo, feo^n = &o 
we get the required isomorphism of H-modules. Moreover, 

{boXh, = M-y 

as 7i-module. The last part of the Proposition follows from Lemma 14.471 
Since dim(inj Pxfi)^^ = 2*^ and dim(inj Px^fi)^^ = an easy calculation gives 
us the number of indecomposable summands. □ 



Remark 4.50. If p = q, then = and Propositions 4-4^ o,i^d 4-4^ spe- 
cialise to Proposition \4.15{ 

The following Proposition can be seen as a consolation for the Remark |4.12[ 

Proposition 4.51. Suppose that q = p", X ^'^^ p be a representation 
ofT, such that p^ = M^_0 © M^s^0 as an Hr-module, and p = (Tp^)^^, then 

P - Px3 ® Px^0• 
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Proof. If p is a semi-simple representation of F, then Corollary 13.31 implies 
the Lemma. Suppose that p is not semi-simple. Let soc(p) be the max- 
imal semi-simple subrepresentation of p. Since p is generated by p^ as a 
F-representation, the space (soc(p))'^ is one dimensional, and hence soc(p) is 
an irreducible representation of F. By Corollary 13.31 and symmetry we may 
assume that 

SOc(p) ^ p^,0. 

Since, soc(p) is irreducible, p is an essential extension of p^^^. By this we mean 
that every non-zero F invariant subspace of p intersects p^^ non-trivially. 
This implies that there exists an exact sequence 

^ P ^ inj Px,0 

of F-representations. After twisting by a power of determinant we may as- 
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sume that x is given by x(^g ^ J ) = where < r < g — L The 

inequalities are strict, since x X*- Let r be the corresponding ra-tuple. Let 
e G Sr and G (inj Px,ili)^ , then H acts on by the character xce"^'^^'^'^^ ■ In 
particular, if e' G Sr, such that e' ^ e, then H acts on 6^ and b,,/ by different 
characters. As a consequence of this, the submodule M^s^ of p^ must be 
mapped to some subspace {be)^^ of (inj p^.e)^, where e G Er. By examining 
the action of H, we get that x^ = X'^^"*^^"''""'"^- This implies that 

£:.(p— 1 — r)+r = (mod q — 1). 
Since < r < g — 1 and e G Sr, we have 

0<£:.(p — 1 — r)+r<g — 1. 

Hence, we get an equality on the right hand side, which implies that, for each 
i, (1 — ej)(p— 1 — Tj) = 0. So £ = 6, and b^ = 6i, see 14.451 and 14.461 However, 
by Proposition 14.371 (ii) 

6iT„, = (-1)^+^60 7^ 0. 
We obtain a contradiction, since kills M^s 0. □ 



5 Coefficient systems 

We closely follow J2] and ^H] § V, where the G-equivariant coefficient systems 
of C- vector spaces are treated. In fact, the results of this Section do not 
depend on the underlying field. Our motivation to use coefficient systems 
stems from fTTj, where the equivariant coefficient systems of Fp- vector spaces 
of finite Chevalley groups are considered. 
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5.1 Definitions 

The Bruhat - Tits tree X of G is the simphcial complex, whose vertices are 
the similarity classes [L] of Oi^-lattices in a 2- dimensional F- vector space V 
and whose edges are 1-simplices, given by families {[Lq], [-^i]} of similarity 
classes such that 

zupLo C Li C Lq. 

We denote by Xq the set of all vertices and by Xi the set of all edges. 
Definition 5.1. Let a be a simplex in X , then we define 

^{a) ^{ge Autf (1/) : ga = a}. 

By fixing a basis {f i, ^2} of V we identify G with Autp{V). Let 

(7o = [opvi + OFV2] and ai = {[opVi + OFV2], [opVi + ^^^2]}- 

Then uo is a vertex and ^{(lo) — F^K, and ci is an edge containing a vertex 
(Tq. Moreover, M.{ai) is the group generated by / and 11. 

Definition 5.2. A coefficient system V (of Fp-vector spaces) on X consists 
of 

- Fp vector spaces Va for each simplex a of X , and 

- linear maps r^' : Va-' — ^ V^- for each pair a Q a' of simplices of X such 
that for every simplex a , = idy^ . 

Definition 5.3. We say the group G acts on the coefficient system V , if for 
every g E G and for every simplex a there is given a linear map 

Qa-Va^ Vga, 

such that 

- Qha o /iff = {gh)a, for every g, h G G and for every simplex a, 

- la — idy^ for every simplex a, 

- the following diagram commutes for every g & G and every pair of 
simplices a C. a': 

Va^V,a . 



Va'^Vga' 
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In particular, the stabiliser ^(a) acts linearly on for any simplex a. 

Definition 5.4. A G-equivariant coefficient system (K-)t on X is a coef- 
ficient system on X together with a G- action , such that the action of the 
stabiliser ^(cr) of a simplex a on Va is smooth. 

Remark 5.5. The definition given in 11 ^Jf ^V, requires the action to factor 
through a discrete quotient. 

Let COSJ-'g denote the category of all equivariant coefficient systems on X, 
equipped with the obvious morphisms. 

The following observation will turn out to be very useful. Suppose that G 
acts on a coefficient system V = (K-)cr. Let r' be an edge containing a vertex 
r. There exists g E G, such that r' = gai and r = ga^. Then 

and 

5.2 Homology 

Let X(o) be the set of vertices on the tree and let X(i) be the set of oriented 
edges on the tree. We will say that two vertices a and a' are neighbours if 
{a, a'} is an edge. And we will write 

(a, a') 

to mean a directed edge going from a to a'. Let V = (K-)t be an equivariant 
coefficient system. We define a space of oriented 0-chains to be 

G°'^ (-^(0) ; V) = Fp- vector space of all maps u : X(o) ^ [J K- 

aeXo 

such that 

- uj has finite support and 

- uj{a) G Vcr for every vertex a. 
Similarly, the space of oriented 1-chains is 

C°''(X(i), V) = Fp- vector space of all maps u : \^ ^{o-.o-'} 

{a,a'}eXi 

such that 
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- uj has finite support, 

- ^((<7,cr')) e y{a,a>} , 

- u;{{a',a)) — —u;{{a,a')) for every oriented edge {a, a'). 

The group G acts on C°''(X(o), V) via 

{gu){a) ^ gg-i^{u;{g-^a)) 

and on C^°''(X(i), V) via 

{guj){{a,a')) = g{g-ia,g-^a'}{^{{9~^(^, 9~^(^')))- 
The action on botli spaces is smootfi. 
Tlie boundary map is given by 

a:Cr(X(i),V)^Cr(X(o),V) 
a;^(a^5]ri--'>(a;((a,a')))) 

a' 

wfiere tfie sum is taken over all the neighbours of a. The map d is G- 
equi variant. 

We define Hq{X, V) to be the cokernel of d. It is naturally a smooth repre- 
sentation of G. 

5.3 Some computations of iifo(-^, V) 

Throughout this section we fix an equivariant coefficient system V = (^)r, 
with the restriction maps given by . Our first lemma follows immediately 
from the definition of d. 

Lemma 5.6. Let cu be an oriented 1-chain supported on a single edge r = 
{a, a'}. Let 

v^u;((a, a')). 

Then 

where uj^ anduj^i are 0-chains supported only on a and a' respectively. More- 
over, 

and 
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Lemma 5.7. Let u be a 0-chain supported on a single vertex a. Suppose 
that the restriction map r'^^ is an injection, then the image of u in Ho{X,V) 
is non-zero. 

Proof. Since every restriction map is conjugate to r^^^ by some element of G, 
it follows that every restriction map is injective. 

Let uj' be a non-zero oriented l-chain. We may think of the support of u' as 
the union of edges of a finite subgraph T of X. Since all the restriction maps 
are injective, Lemma [5 .61 implies that d{uj') will not vanish on the vertices of 
T, which have only one neighbour in T. In particular, d{uj') will be supported 
on at least 2 vertices. Hence, u ^ 9C°'"(X(i), V). □ 

Lemma 5.8. Let oj he chain. Suppose that the restriction map r"^^ is 
surjective, then there exists a 0-chain ujq, supported on a single vertex ctq, 
such that 

u + 9cr(X(i), v) = uo+ V). 

Proof. Since every restriction map is conjugate to r^^^ by some element of G, 
it follows that every restriction map is surjective. 

It is enough to prove the statement when u is supported on a single vertex 
r, since an arbitrary 0-chain is a finite sum of such. If r = uo then we are 
done. Otherwise, there exists a directed path going from ctq to r, consisting 
of finitely many directed edges ((Tq, Ti), . . . , (r^, t). 

We argue by induction on m. Let v = uj{t). Since rr^™'^^ is surjective there 
exists v' G V{t-„,t}5 such that 

Let u' be an oriented l-chain supported on the single edge {xm, t} with 
'^'((T"m, t)) = v'. By Lemma + diu') is supported on a single vertex r^. 
Since, the number of edges in the directed path has decreased by one, the 
claim follows from induction. □ 

The following special case will be used in the calculations of modules of the 
Hecke algebra. 

Lemma 5.9. Let ujq be a 0-chain supported on a single vertex cq. Let 
and suppose that there exists Vi G K-^ , such that 
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Let uj' be a 0-chain supported on a single vertex ctq with 

c^Vo) = C((n-i).,K)), 

then 

n~'ujo + 9cr(X(i), V) = u' + V). 

Proof. We observe that Hero = H^Vq and ai = {cro,ncro}- The 0-chain 
n~^a;o is supported on a single vertex Ilao with 

Let uji be an oriented 1-chain supported on a single edge ai with 

u;i((ao,nao)) = (n-i).,(t;i). 

From Lemma 15.61 we know that d^ui) is supported only on ctq and HaQ. 

Moreover, 

dMiUao) = r-„K((nao,ao)) = „(-(n-i).,K)) 

= -KU ° (n~')^i)K) = -((n-^).o = -(n-^).o(^o), 

and 
Hence 

and that establishes the claim. □ 

Proposition 5.10. Suppose that the restriction map r^^ is an isomorphism 
of vector spaces. Then 

and 

Moreover, the diagram 

r^l id 

of F'^ I -representations commutes. 
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Proof. Let C"'"{ao, V) be a subspace of C°'"(X(o), V) consisting of the 0-chains 
whose support hes in the simplex ctq, with the understanding that the 0-chain 
which vanishes on every simplex is supported on the empty simplex. Let j 
be the composition 

J : C°J{ao, V) ^ (X(o), V) ^ Ho{X, V). 

Then j is A{cro) equivariant. Moreover, Lemma [5 . 71 savs that j is an injection 
and Lemma [5.81 savs that it is a surjection. Hence 

j:C"Jiao,V) = Ho{X,V)\s,i.,y 

Let evo be the map 

evo:Cr(ao,V)-.Ko 
then evo is an isomorphism of ^(cro)-i'epresentations. Hence 



jo(evo)-i:Ko= HoiX,V)\ 



Since V is G-equivariant, the map r^^J is F^I = A{ai) fl .^(o"o)-equivariant 
and since it is isomorphism of vector spaces, we obtain that 

J o (evo)-^ o r2 : \f^i = Ho{X, V)|^x,. 

We claim that this isomorphism is in fact .^((Ti)-equivariant. Let vi G Krj, 
let Vq = r^g(fi) and let Uq G C°^{(7o,V), such that uq^o-q) = vq. Then 

(j o (evo)-^ o r2){vi) =000 + V). 

By Lemma (5.91 

H-i^o + V) =iu' + V), 

where tu' G C°'^((To, V) with cj'((To) = d{{U'^)aAvi))- This implies that 
U-\j o (evo)-^ o r-)(t;0 = (j o (evo)"^ o r:i){{U-\M))- 

Since H~^ and F^J generate ^{<ji) this proves the claim. 

The commutativity of the diagram follows from the way the isomorphisms 
are constructed. □ 
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5.4 Constant functor 

The content of this Section is essentially JT] Lemma 1.1 and Theorem 1.2. 
Let Repg be the category of smooth Fp-representations of G. Let vr be a 
smooth representation of G with the underlying vector space W. Let a be a 
simplex on the tree X, we set 

If a and a' are two simplices, such that a C a' then we define the restriction 
map 

r^' = idw • 

For every g E G and every simplex a in X we define a linear map Qa by 

9a ■ (/C^)a (^7r)g<7, V t-> n{g)v. 
This gives a G-equivariant coefficient system on X, which we denote by /C^. 
Definition 5.11. We define the constant functor 

K. : Repg. COSJ-'g, tt /C^. 
Lemma 5.12. Let it be a smooth representation of G, then 

Ho{X,IC^) = n 

as a G-representation. 

Proof. We have an evaluation map 

ev : C°''(X(o),/C^) ^ TT, ^^ ^ u;(cr). 

Since the restriction maps are just idyy, Lemma 15.61 implies that the image 
of the boundary map 9C°''(X(i), /C^r) is contained in the kernel of ev. Hence, 
we get a G-equivariant map 

It is enough to show that this is an isomorphism of vector spaces, and this 
is implied by Proposition 15. KH □ 

Proposition 5.13. Let V = (Vo-)o- be a G-equivariant coefficient system with 
the restriction maps and let (vr, W) be a smooth representation of G, then 

Homco£:^^(V, K,^) = HomG(ifo(X, V), tt). 
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Proof. Any morphism of G-equivariant coefficient systems will induce a G- 
equivariant homomorphism in the 0-th homology. Hence by Lemma f5. 121 we 
have a map 

Homcof^jV, /CO ^ HomG(i/o(^, V), vr). 

We will construct an inverse of this. Let (p G B.oma{HQ{X, V), vr), let a be a 
vertex on the tree X, let f be a vector in V^j, and let u^^^^ be a 0-chain, such 
that 

Suppu;^,^ C a, uj„,v{(j) = v, 

then we define 

0. : K ^ W, <j){uj^,, + V)). 

Let r be an edge in X with vertices a and a', we define 

(j)r:Vr^W, (l>.{rl{v)). 

Lemma [5.61 implies that the definition of ipr does not depend on the choice of 
vertex. Hence, the collection of linear maps (0cr)o- is a morphism of coefficient 
systems, which induces on the 0-th homology. An easy check shows that 
((^o-)o- respect the G-action on V and /C^. □ 



5.5 Diagrams 

Definition 5.14. Let VXAQ he the category, whose objects are diagrams 

Do 

r 

where {po,Do) is a a smooth Fp-representation ofA{crQ), {pi,Di) is a smooth 
Fp-representation ofA{ai), and r G Hom^x7(Di, Z^o)- 

The morphisms between two objects {DQ,Di,r) and {D'q, D[,r') are pairs 
{ilJo,ipi), such that ipo G Hom^(<^o)(Do, -Dq), i^i G Hom^(<^^)(Di, D^) and the 
diagram: 

V'o 



Dn 



D' 



of F^I representations commutes. 
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The main result of this section is Theorem 15 .171 which says that the categories 
VI AQ and COETg are equivalent. It is easier to work with objects of DXAQ 
than the coefficient systems. 

Definition 5.15. Let V = he an object m COETg- Let V : COETq ^ 

VXAQ he a functor, given by 

V ^ • 

^1 

We will construct a functor C : T>XAQ — > COSJ-'g and show that the functors 
C and V induce an equivalence of categories. 

5.5.1 Underlying vector spaces 

Let D = {Do,Di,r) be an object in VIAQ. Let i G {0,1}, we define 
c-Ind^^^.-) Pi, to be a representation of G whose underlying vector space con- 
sists of functions 

f:G^D, 

such that 

fikg) = p,ik)fig) ygeC, E ^(a^) 

and Supp / is compact modulo the centre. The group G acts by the right 
translations, that is 

{9f){9i) = figig)- 

Let r be a vertex on the tree X, then there exists g E G, such that r = gao. 
Let 

= {/ e c-Indg(,,,) po : Supp / C ^iao)g-'}. 

The space J-'r is independent of the choice of g. Let r' be an edge on the tree 
X, then there exists g E G such that r = gai. We define 

J^r' = {fe c-lndg(^^)pi : Supp / C K{ai)g-'}. 

We observe that J-'r' is also independent of the choice of g. 
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5.5.2 Restriction maps 

Let i G {0, 1}, then JF^.. is naturally isomorphic to Di as a ^(o",) representa- 
tion. The isomorphism is given by 

evi : ^ A, f ^ /(I)- 

The inverse is given by 

evr^ : A ^ J^a,, v ^ fv 
where fv{k) = pi{k)v, if k E ^{<Ji), and otherwise. Let 

r^ij = evg ^ or o evi . 
Then r^^ is an F^/-equivariant map from JF^.^ to If f G -Di then it sends 

We observe, for the purposes of Theorem 15. 171 that 

is an object of VIAQ. Moreover, ev = (evo,evi) is an isomorphism of 
diagrams between D and D. We will show later on that ev induces a natural 
transformation between certain functors. 

Let r' be an edge containing a vertex r, then there exists g E G, such that 
T = g<^o Ei-iid t' = gai. Moreover, g can only be replaced by gk, where 
k G i^((To) n i^((Ti) = F^J. We define 

r;' : J-., J-., f^g^g-'f) 

where g acts on the space c-Ind^(^jj) Dq and g^^ on the space c-Ind^^^^-, Di. 
Since, r is F^/-equivariant we have 

Po{k) o o p,{k-') = Co 

for all k G F^I. Hence, the map r^' is independent of the choice of g. 
Explicitly, let v = f{g^^), then 

ri ■■ i ^ gfriv)- 

Let r be any simplex then we define the map = idjr^. 
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5.5.3 G-action 



So far from a diagram wc have constructed a coefficient system. We need to 
show that G acts on it. Let i e {0,1} and let / e c-Ind^^.^ Dj. For any 
g & G we have 

Supp(^/) = (Supp/)^~\ 
Hence for any simplex r we obtain a linear map 

Qr-.Tr^ Tgr, f ^ gf. 

Moreover, 1^ = idjF^ and ghr o hr — {gh)r-i for any g, h & G. Let r' be an 
edge containing a vertex r. We need to show that the diagram: 

T , T 



•Ft' ^ A 



commutes. There exists gi E G such that r = g^icro and r' = S'lO'i. Moreover, 
such gi is determined up to a multiple gik, where k e F^I. Let / e and 
let ^; = f{gT^), then 

?^r'(/) = 9lfr{v)- 

Hence 

(^r or;')(/) = ggifr(v)- 
Since g^r' = S'S'iCTi, g^r = g^sriO-Q and {gf){{ggi)~^) = /(s'l"^) = ^^ we obtain 

(^^r' ° 9T'){f) = r^griggifv) = 99lfr{v)- 

Hence the diagram commutes. 



5.5.4 Morphisms 

Let D' — {D'q, D[, r') be another diagram, let = (V'o, V'l) be a morphism of 
diagrams 

and let T' = {T'^)t be a coefficient system associated to D' via the construc- 
tion above. Let r be any simplex on the tree. If r is a vertex let i = and 
if r is an edge, let z = 1. There exists some g E G such that r = gai. Let 
f eVj- and let v — /{g"^) we define a map 
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where /^j(^) is the unique function in such that = ipi{v). Since 

the map ipi is ^((jj)-equivariant, ■0t is independent of the choice of g. 

We will show that the maps ('0t)t are compatible with the restriction maps. 
Let r' be an edge containing a vertex r. We claim that the diagram 



{r'Vr 



commutes. There exists g & G such that r = gao and r' = gai. Let / G JF^./ 
and let v = f{g"^). Then 



(V'r O ?^r')(/) = ^T{gfr(v)) = gUo{r[v)) 



and 



((Or ° V'r')(/) = ir'TrigUiiv)) = 9fr'{Mv))- 

Since (■0o, V'l) is a morphism of diagrams 

V'o(?^(i')) = r'(V'i(v)). 

Hence the diagram commutes as claimed and {iIjt)t are compatible with the 
restriction maps. 

Finally, we will show that the maps {'4't)t are compatible with the G-action. 
Let r be any simplex on the tree. To ease the notation, for every h & G we 
denote by h-,- the action of h on both (^t-)t and {J-'t)t- Let r be a simplex 
on the tree X and let /i e G. We claim that the diagram 



hr 



commutes. If r is an edge let i = 1, if r is a vertex let i = 0. There exists 
g & G, such that r = gai. Let j ^ Tr and let v — f{g~^), then 



i^hrihrU)) = iphrihgfy) = hgf^^^y) 



and 



Hence, the diagram commutes as claimed and the collection {iPt)t defines a 
morphism of equivariant coefficient systems. 
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5.5.5 Equivalence 

Definition 5.16. Let C be a functor 

C : VI AG COETg 

which sends a diagram D to the coefficient system {J^t)t cls above. 

One needs to check that given three diagrams and two morphisms between 
them 

D D' D" 

we have 

However, that is immediate from the construction of Clip) in Section 15.5.41 

Theorem 5.17. The functors C and V induce an equivalence of categories 
between VI AQ and COETq- 

Proof. Let D = {Do,Di,r) be an object in VIAQ. Then 

{VoCm = D = iJ^^,,J^^,,r:i) 
with the notation of Section 15.5.21 The isomorphism 

ev : D = D 

of Section 15.5.21 is given by the evaluation at 1. We claim that it induces an 
isomorphism of functors between V o C and id-Dj^^g. We only need to check 
what happens to morphisms. Let D' = {Dq, D[, r') be another object in the 
category of diagrams and let ip = {ipo,i'i) be a morphism 

ij: D'. 

Let iVoC){D') = D' = (r')-) and let 

{VoC){^)=^ = (i,,,i,,) 

be a morphism induced by a functor VoC. We need to show that the diagram: 

D 
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commutes. Let i G {0, 1}, let / G J-'^^ and let v = /(I) then 

(V'i oeVi)(/) = ipiiv). 

From Section lB.5.4h /;,( f) is the unique function in JF^., taking value ipi{v) at 
1. Hence 

(evj oiPi){f) = iPi{v). 
This implies that the diagram commutes. 

Conversely, we need to show that the functor CoV is isomorphic to 'v^coej^g- 
Let V = (K-)t be a G-equivariant coefficient system with the restriction maps 
. Then T'(V) is a diagram given by: 



Let k G ^(ctq) then it acts on V^^ by a linear map /Co-q- Similarly, if A; G .^(o"i) 
then it acts on on V^^ by a linear map k^j^. Let 

(CoI?)(V)=^=(J-.), 

with the restriction maps r^'. We will construct a canonical isomorphism 

ev = (ev^)^ 

ev : = V 

of G equivariant coefficient systems. Let r be a simplex on the tree. If r is 
a vertex let i = and if r is an edge let z = 1. There exists g & G such that 
r = gai. For f E J-'r let v = f{g~^). Then w is a vector in V^.. We define 
a map ev,-, by 

ev^ : JF^ ^ K, / ^ ga,v 

where g^j. is the linear map coming from the G action on V. If we replace g 
by gk, for some k G then 

{gkUfiigk)-')) = {g.. o k^^ o A;;/)(/(^?-i)) = 

Hence, the map ev,- is independent of the choice of g. Moreover, ev^ is an 
isomorphism of vector spaces with the inverse given as follows. Let w E Vr, 
let V = {g~^)rW, then t> is a vector in W„.. Let /„ be the unique function in 
J-'r such that = V. Then (ev,-)"^ is given by 

(ev^)"^ : Vr Tr, w ^ gfv 
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where the action by g is on the space c-Ind^^^^-) V^j^. 

The collection of maps (evT-)T is G-equivariant. Let h & G, then hf belongs 
to the space J^hr and 

evHrihf) = {hgUmmg)-')) = {K o g,^){f{g-')) = K{evM)- 

We need to show that the maps ev,- are compatible with the restriction maps. 
Let t' be an edge containing a vertex r. We need to show that the diagram 



J-t' ^ V-j-' 

commutes. There exists g & G such that r = gao and r' = gai. Let / be a 
function in JF^/. Let Vi = f{g~^) , then Vi is a vector in V^^. Let t'o = ^^j(i'i)- 
Then (/) is the unique function of taking value vq at g ^. Hence 

(ev^or;')(/) = g^^VQ. 

On the other hand 

{tl' oeyr')if)=t:.'ig.,v,). 

The action of G on V respects the restriction maps, in the sense that the 
diagram: 



(•CTQ 



commutes. Hence, 

trig^vi) = g^.vo. 

Hence our original diagram commutes and ev = (ev^jr defines an isomor- 
phism of G-cquivariant coefficient systems. 

In order to show that the morphism ev induces an isomorphism of functors 
between CoV and idcosj^c ^® need to check what happens to the morphisms. 
However the proof is almost identical to the one given for VIAG so we omit 
it. □ 

CoroUciry 5.18. Let {po, Vq) be a smooth representation of ^{uq) and (pi, Vi) 
a smooth representation of ^{ui). Suppose that there exists an F^I-equiva- 
riant isomorphism 
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then there exists a unique (up to isomorphism) smooth representation tt of 
G, such that 

7rU{ao) = PO, T^lsiiai) = Pi 

and the diagram 

r id 

of I -representations commutes. 

Proof Let D be the object in VIAG, given hy D = (Vq, 14, r). Let C{D) be 
a coefficient system corresponding to D, with the restriction maps . Since 
(P o C){D) = D and r is an isomorphism, the map r^^ is an isomorphism 
and Proposition 15.91 imphes that Ho{X,C{D)) satisfies the conditions of the 
Corollary. 

The statement of the Corollary can be rephrased as follows: there exists a 
unique up to isomorphism smooth representation vr of G, such that 

D = V{IC^). 

If n' was another such, then 

I?(/C^,) ^D = V{IC^). 

Hence, by Theorem 15.171 
Lemma (5. 121 implies that 

and we obtain uniqueness. □ 

Remark 5.19. Let W be a subgroup of G generated by s and n. The Iwahori 
decomposition says that G = IWI . Let n be a representation constructed as 
above, v E n and g E G. Then gv may be determined by decomposing 
g = U1WU2, where ui,U2 E I, w E W , and then chasing around the diagram. 

The simplest example illustrating \5.1^ is the trivial diagram 1 = (1,1, id). 
The proof of Corollary \'J.fA can be reinterpreted as a construction of a mor- 
phism 1 "—>■ T>(K,ty). This gives us an injection of G representations 

l = Ho{X,C{l))^Ho{X,IC^)^7r. 
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6 Supersingular representations 



6.1 Coefficient systems 

Let X '■ H Fp he a character, and let p^j be an irreducible representation 
of r, with the notations of Section IHl We consider x as a character of / and 
representation of via 

K K/Ki = r and I ^ I / h = H. 

Let p^j be the extension of p^^j to F^K such that our fixed uniformiser zup 
acts trivially, and let x be the extension of x to F^I, such that wp acts 
trivially. The space of Ji-invariants of p^^j is one dimensional and F^I acts 
on it via the character x- We fix a vector v^^j such that 

Px,J = {vxj)f,- 

Lemma 6.1. There exists a unique action of ^{ai) on {Px,j ® Px^jY^' 
tending the action of F^I, such that 

U'^Vy^j = v^sj and U'^v^sj = v^^j. 

Moreover, with this action 

(Px,J©P^^7)'^=IndJ(:)^X 
as A{ai) -representations. 

Proof. We note that if t G T is a diagonal matrix then HtLI"^ = sts, hence 
(x)^ — X"* as representations of F^I and Mackey's decomposition gives us 

{lndf:}^x)\F^j^X®r- 

Since 

as /-representation, we can extend the action. Explicitly, we consider 
/ G Indji"]^x, such that Supp/ = F^J and f{g) = xig), for all g G F^'L 
Then the map 

induces the required isomorphism. Since, n and F^I generate ^{cxi) the 
action is unique. □ 
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Definition 6.2. Let x '■ H F,^ be a character, and let 7 = {x, X*} '"^6 
define to he an object in VIAQ , given by 

Px,J ® Px',J 

where the action ofR(ai) on {PxJ^Px",!)^^ '^^ given by Lemma Wl\ Moreover, 
we define to be a coefficient system, given by 

Lemma 6.3. The diagram is independent up to isomorphism of the 
choices made for t>^ j and v^s j- 

Proof. Suppose that instead we choose vectors v'^ j and v'^^ j and let D'^ be 
the corresponding diagram. Since, the spaces p^^j and p^^^ -j are one dimen- 
sional there exist A,/i G , such that 

= P^r;j = 

The isomorphism 

A id ®p id : p^,j © p^. 7 p^^j © p^. 7 
induces an isomorphism of diagrams = D'^. □ 

Since D.y and 'P(V-y) are canonically isomorphic, to ease the notation, we 
identify them. Let uJx,J^ '^x^J ^ ^c"'(^(o)) V^) supported on a single vertex 
(Jo, such that 

^x,ji^o) = ^x,J and (^^s^ji(To) = V,7- 

Let 

^x,J = ^x,J + dC:'iX^ih^,) and u^.^j = cu^.^j + dC^^ iX^,),V,) 
be their images in Hq{X, V^). 
Lemma 6.4. We have 

{^x,J^^x^j)f, = ^7 

as right TC-modules. 
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Proof. Since the restriction maps in are injective, Lemma 15.71 says that 
Lj^j and ^^^sj are non-zero. We have 

(^x.j)f, = iPxjY' = M^,J and (v^.^-j)^^ = {p^.^Y^ - M^.^-j 
as 7i/^-modules. Hence lj^j and t^^s j are fixed by Ji and 

as Tii^-modules. Corollary 12.61 and Lemma f5.9l imply that 

Hence 

(^x, J' ^x^7)Fp - ^7 
as 7i-modules. □ 

Lemma 6.5. The vector lj^j (resp. ^-^s^) generates Hq{X,V^) as a G- 
representation. 

Proof. Lemma EiH implies that j = u^^s^j. Hence, it is enough to show 

that uj-^^j and uj^sj generate C"^'(X(o), V^) as a G-representation. Since, p^j 
and p^s j are irreducible i^T-representations, u^j and cu^s j will generate the 
space 

Cr(cro, V^) = {UJE Cr(X(o), V^) : Suppcu C ao} 

as a i^'-representation. Since the action of G on the vertices of X is transitive, 
the space G"^{(ro,V-y) will generate C°''(X(o), V^) as a G-representation. □ 

Corollary 6.6. Let it be a non-zero irreducible quotient of Hq{X,V^) , then 
IT is a supersingular representation. 

Proof. Lemma 16.51 implies that the images of u^j and ui^s j in vr are non- 
zero. Hence, by Lemma 16.41 vr^i will contain a supersingular module M^, 
then Corollarv 12. 191 implies that vr is supersingular. □ 

Proposition 6.7. Let tt be a smooth representation of G and suppose that 
there exists vi,V2 G vr^^ such that 

then there exists a G-equivariant map (j) : Ho{X, V^) n such that 
where 7 = 
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Proof. By Lemma l5 . 1 21 and Theorem 15.171 it is enough to construct a mor- 
phism of diagrams VlJCj^). However, such morphism is immediate. □ 

Corollary 6.8. Let n be a smooth representation of G and suppose that one 
of the following holds: x = X^j or p = q, then 

HomG(i/o(^, V-^), tt) = BomniM^, vr^^). 

Remark 6.9. This fails if q ^ p and x X'^ ■ Proposition \ 6. 2^ gives an 
example. 

Proof. Lemmas 16.41 and 16.51 imply that we always have an injection 

By Lemma 12.261 M^l-^^ = M^j © "^x^7■ Under the assumptions made, 
Corollaries 12. 6| IT^ and respectively 14.111 give us vectors Vi,V2 G ti^'^ as in 
Proposition 16.71 hence the injection is an isomorphism. □ 

Corollary 6.10. Let n be a smooth representation, and suppose that n^^ = 
Mry, then 

dimHomG(i/o(^,V^),7r) = 1. 

Proof. It is enough to consider the case p ^ q and Xi^X^- Since Corollarv l6.81 
implies the statement in the other cases. Let p = {Ktt^'^)-^^, then p^^ = vr^^. 
Hence 

p'' = M^\nj,=M^^^®M^s^^ 

as an T-^^-module. Proposition 14. 5 II implies that p = p^^0 © Px^0• "^^^ action 
of n on vr^^ is given by Corollary 12.61 Now we may apply Proposition 16.71 to 
get a non-zero homomorphism. So the dimension is at least one. The module 
is irreducible, and Lemmas 16.41 and 16.51 imply that the dimension is at 
most one. □ 

6.2 Inject ive envelopes 

For the convenience of the reader we recall some general facts about injective 
envelopes. Let /C be a pro- finite group and let Repy^ be the category of 
smooth Fp-representations of /C. We assume that /C has an open normal 
pro-p subgroup V. 
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Definition 6.11. Let n G Rep;^ and let p be a JC-invariant subspace ofn. 
We say that tc is an essential extension of p if for every non-zero IC-invariant 
subspace n' of n, we have tt' fl p 7^ 0. 

Let p G Repyc and let Inj be an infective object in Repy^. A monomorphism 
L : p ^\yi] is called an injective envelope of p, if Inj is an essential extension 
of l{p). 

Proposition 6.12. Every representation p G Repy^ has an injective envelope 
t : p ^ Inj p. Moreover, injective envelopes are unique up to isomorphism. 

Proof, [ig, §3.1. □ 

Lemma 6.13. Let Inj be an injective object in Rep^^ and let l : p Inj p be 

an injective envelope of p in Rep^. Let cj) be a monomorphism (f) : p > Inj, 
then there exists a monomorphism : Inj p Inj such that (p = ip o i. 

Proof. Since Inj is an injective object there exists such that the diagram 

^ P ^ Inj p 

Inj 

of /C-representations commutes. Since is an injection K.eiip fl t(p) = 0. 
This implies that Ker-?/' = 0, as Inj p is an essential extension of i{p). □ 

Lemma 6.14. Let p G Repic be an irreducible representation and let t : p "-^ 
Inj p be an injective envelope of p in Rep^^, then p ^ (Inj p)^ is an injective 
envelope of p in Rep^/p. 

Proof. We note that since V is an open normal pro-p subgroup of JC and p 
is irreducible, Lemma l2.ll implies that V acts trivially on p. Hence, t(p) is 
a subspace of (Inj p)^. Moreover, (Inj p)^ is an essential extension of t{p), 
since Inj p is an essential extension of i(p). 

Let C : Rep;^/p — * Rep;^ be a functor sending a representation ^ to its 
inflation C{C,) to a representation of /C, via /C —>■ IC/V. Then 

Homyc/p(e, (Inj p)^) = Homyc(/:(0, Inj p) 

where the isomorphism is canonical. Since, the functor C is exact and Inj p is 
an injective object in Rep^, the functor Hom/c/p(*, (Inj p)^) is exact. Hence, 
(Inj py is an injective object in Repj^^/^, which establishes the Lemma. □ 
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Definition 6.15. Let tt G Rep;^, we denote by socvr the subspace of tx, 
generated by all irreducible subrepresentations ofn. 

Lemma 6.16. Let p G Repy^ be irreducible, and let t : p ^ Inj p be an 

injective envelope of p, then soc(Inj p) = p. 

Proof. Let r be any non-zero /C invariant subspace of Inj p, wliicii is irre- 
ducible as a representation of /C. Since Inj p is an essential extension of l{p) 
and p is irreducible, we have r = t{p). Hence, soc(Inj p) = l{p). □ 

6.2.1 Admissibility 

Let ^ be a locally pro-finite group and let Repg be the category of smooth 
Fp-representations of Q. 

Definition 6.17. A representation tt G Repg is called admissible, if for every 
open subgroup K, of Q, the space tt^ of IC-invariants is finite dimensional. 

Lemma 6.18. Suppose that Q has an open pro-p subgroup V. A representa- 
tion TT G Repg is admissible if and only if vr^ is finite dimensional. 

Proof. If TT is admissible, then tt^ is finite dimensional. Suppose that tt'^ is 
finite dimensional and let 1 Inj 1 be an injective envelope of the trivial 
representation in Rep-p, then there exists ip, such that the diagram 

^vr^ ^7r|p 

1 ^■■■■■-'"^ 
(dim TT^) Inj 1 

of ^-representations commutes. This implies that {Kerip)^ = 0, and hence 
by Lemma f2. 11 is injective. 

Let K. be any open subgroup of Q. Since V is an open compact subgroup 
of ^, we may choose an open subgroup V' of Q such that V' is a subgroup 
of P n /C and V is normal in V. It is enough to show that tt'^ is finite 
dimensional. Since ip is an injection, it is enough to show that (Inj 1)^ is 
finite dimensional. Since V is pro-p and V is a normal open subgroup of V, 
Lemma 16.141 and Proposition 14.51 imply that 

(Injir = Fp[P/P'] 

which is finite dimensional. □ 
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6.3 Coefficient systems 

Let X : Fp be a character, and let 

Px,J ^ Inj p^j, p^^ j ^ Inj p^, J 

be injective envelopes of p^^ and p^s j in Rep^, respectively. We may extend 
the action of K to the action of F^K, so that our fixed uniformiser vup acts 
trivially. We get an exact sequence 

— - Px,J ® Px^J — " ^iPx,J ® ^iPr,J 
of F^/T-representations. This gives a commutative diagram 

PxJ ® Pr,J Inipx,J ® ^iPr,J 

^ {pxJ ® Pr,iy' ^ Injp^,j © Injp^. J 

of F^-representations. We will show that we may extend the action oi F^I 
on (Injp;^^j©Injp^3 j)|^x/ to the action of ^{(Ti), so that we get an object in 
VI AQ, together with an embedding ^ Y^. Since the categories VXAQ 
and COSJ-'g are equivalent, this will gives us an embedding of coefficient 
systems ^ T^. We will show that the image 

is an irreducible supersingular representation of G. All the hard work was 
done in Propositions 14.481 and 14.491 the construction of Y, and the proof of 
irreducibility follow from the 'general non-sense' of Section 16.21 This gives 
hope that similar construction might work for other groups. 

Lemma 6.19. Let p be an irreducible representation of K and let 

p "-^ Inj p 

be an injective envelope of p in Rep;^, then 

(Injp)|/ = 0dimHom^^(x, (inj p)^) Inj x 

X 

where the sum is taken over all irreducible representations of H , which we 
identify with the irreducible representations of I and 

P ^ inj p, X'-^ Inj X 
are the injective envelopes of p in Repp and of x Rep/, respectively. 
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Proof. If X is an irreducible representation of /, then Lemma ITT] implies that 
Ii acts trivially on x- Since I/Ii = H, the irreducible representations of / and 
H coincide. Moreover, since H is abelian, all the irreducible representations 
of H are one dimensional. Since, the order of H is prime to p, all the 
representations of H are semi-simple. Therefore 

(Injp)^^-0m^X 

X 

as a representation of /, where the multiplicity of x is given by 

= dim Hom/(x, Inj p). 

Lemma 16.141 implies that (Injp)'^^ = inj p as representations of K/Ki = T. 
Corollary 14.31 implies that inj p is finite dimensional. In particular, m-^ is 
finite for every x- Moreover, 

Hom7(x, Inj p) = Hom7(x, (Inj p)^') = Romeix, inj p) = Hom^lx, (inj p)^)- 
Hence, = dimHomff(x, (inj p)^). We consider an exact sequence 

-(Injp)^i -(Injp)!/ 

of /-representations. The restriction (Injp)|/ is an injective object in Repj. 
Lemma (6. 131 implies that 

(Injp)|,=Ar©0m^ Injx 

X 

for some representation A/". Since Rep^ is semi-simple and Inj x is an essential 
extension of Lemma 16.141 implies that (Inj x)^^ — X- By comparing the 
dimensions of /i-invariants of both sides we get that dimA/"^^ = and Lemma 
O implies that Af = 0. □ 

Lemma 6.20. Let x ■ H ^ be a character. We consider x o-'fid x"* ess 
one dimensional representations of I, via I/Ii = H. Let 

X ^ Inj X, X' ^ Inj x' 

be injective envelopes of x one? x^ Repj, respectively. Let V\ be the under- 
lying vector space of Inj x '^'^^ ^ the underlying vector space of Inj x'^ . 
Further, let vi and f 2 be vectors in V\ and V2 respectively, such that 

(t;i)p^ = (Injx/S (t;2)F, = (InjxY^. 

Then there exists an action of ^{ai) on Vi © V2, extending the action of I , 
so that our fixed uniformiser wp acts trivially and 
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Proof. Let t G T be any diagonal matrix, then sts = UtH ^. Hence 

as /-representations, where denotes the action of /, on the underlying 
vector space of twisted by 11. So we get an exact sequence 

-(Injx)" 

of /-representations. Twisting by 11 is an exact functor in Repj and 

Hom,(e, (Inj xf) = Hom,(e", Inj x)- 

Since Inj x is an injective object in Repj-, this implies that (Inj x)^ is an 
injective object in Repj. Since Inj x is an essential extension of (Inj x)^ 
is an essential extension of x^- Since injective envelopes are unique up to 
isomorphism, there exists an isomorphism (j) of /-representations 

0: (Injx)" = Injx^ 

The proof of Lemma (6.191 shows that the space (Inj x)^^ is one dimensional. 
Hence, after replacing by a scalar multiple we may assume that (f){vi) = V2- 
We may extend the action of / on Vi and V2 to the action of F^I by^aking 
wj? act trivially. We denote the corresponding representations by Injx and 
Injx'^. For trivial reasons 

: (li^ix)" = li^ix^ 

We consider the induced representation Ind^'x^/'' Injx- Let evi and evn be 
the evaluation maps at 1 and H respectively, then we get an /^^/-equi variant 
isomorphism: 

Indf:]^ li^iX = Vi®V2, evi(/) + 0(evn(/)). 

The action of A{ai) on the left hand side gives us the action of ^(o"i) on 
Vi © V2. Let v e Vi and w e V2, then the action of H~^ is given by 

H"^(f + w) = (j)~^{w) + (j){v) 

and hence H^^t>i = V2 and Il~^V2 = fi- □ 

We will construct a diagram Y^. This will involve making some choices. 

Suppose that q = p", let x ^ -f^ ^ Fp be a character and let 7 = {x^X'^}- 
We consider an irreducible representation p^^j of K. Lemma IH.IHI gives us 
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a pair (r, a), where r is the usual n-tuple and a is an integer modulo q — 1- 
Let p^^j ^ Inj p^ j be an injective envelope of p^j in Rep^^. Let Wr be the 
underlying vector space of Inj p^j. We may assume that Wr depends only on 
the n-tuple r. Since, if x' = X®(det)'^, then p^^ij = p^^j^{detY and a simple 
argument shows that p^'j ^ (Inj p^^j) (det)'^ is an injective envelope of 
p^ij in Repj^. Let 

K,,o = (InjPx.J ® ^niPx^J' ® >^P-i-r) 

where tilde denotes the extension of the action of K to the action of F^K, 
so that zup acts trivially. We are going to construct an action of ^{(Ji) on 
^7,01^x7; which extends the action of F^I, and this will give us Y^. However, 
this can be done in a lot of ways, and not all of them suit our purposes. 
Lemma 16.141 and Remark 14.21 imply that 

(Ky,o)^' = inj Px,j © inj p^sj 

as /^-representations, where on the right hand side we adopt the notation of 
Propositions 14.481 and 14.41)1 In particular, 

(K,,o)'^ = (injp^,j©injp^.^j)^i 

as T^T^-modules. In Lemma 14.331 we have worked out a basis consisting of 
eigenvectors for the action of / of (a model of) (inj p^ j © inj p^s jY^- The 
above isomorphism gives us a basis of (l^^o)'^^- Lemma 16.191 gives an 
F^/-equivariant decomposition: 

C: Wr©Wp-l-r = 0W(6) 

such that ({b) G W(&), for every b G B^, and the representation, given by the 
action of I on VV(6), is an injective object in Repj, which is also an essential 
extension of {({b))^^. To simplify things we view ( as identification and omit 
it from our notation. 

If X = X'^ then we pair up the basis vectors as in Proposition 14.481 
B^ = {bo,bo + bi} [j 

{e,l-£}CS[, 

If X ^ X'^ then we pair up the basis vectors as in Proposition 14.491 

B, = {boX}l^{blM U U {be,h-e}- 

{£,l-e}CS; {e,l-e}CT.'^_-,_^ 
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Let {b, b'} be any such pair and suppose that / acts on b via a character ip, 
then / will act on b', via a character ip'"^. We denote 

}V{b,b') = W{b)®W{b'). 

Lemma f6.20l implies that there exists an action of ^(ai) on VV(6, b'), extend- 
ing the action of F^I, such that 

U-^b = b', U-^b' = b. 

This amounts to fixing an isomorphism of vector spaces : W(6) = W{b'), 
such that 0(6) = b' and which induces an isomorphism of / representations 
: (InjV^)" = Ini^p'. 

If X = X'^ then Y^^o decomposes into /-invariant subspaces: 
W{bo,bo + b^) W(6„6i_,). 

{e,l~e}CT.'o 

If X 7^ X'^ then K,, o decomposes into /-invariant subspaces: 

W(6o,M©W(6i,6i) 

{£,i-£}cs; {e,i-£}cs^_,_^ 

Let "Ky 1 be a representation of ^((Xi), whose underlying vector space is Wr © 
Wp_i_r, and the action of ^(o"i) extends the action of F^I on each direct 
summand, as it was done for W(6, b'). 

Definition 6.21. Let be an object in VIAQ, given by 

Y'j = (X-y,o, id) 
and let be the corresponding coefficient system 

I, = C{Y,). 

Remark 6.22. The definition ofY^ depends on all the choices we have made. 

Proposition 6.23. Let x '■ H ^ be a character and let 7 = {x^X^}- 
Suppose that x = X^ > then 
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as H-modules, where 7^ = 7i_e = {xQ^^"''^ ^Kxi'^'^'^^ ^^Y}- Suppose that 
X 7^ X^ ihen 

HoiX,I,y^ = L, M,, M,, 

as H-modules, where 7^ = 7i_e = {xa^'^^^"'"^^-', (xa^^'^P^-'-^'"^)'*} and % = 
7i-e = {x'«^■^ (x'«^"0'}- 

Proof. In Propositions 14.481 and 14.491 we have showed that we may extend 
the action of Hk on (inj j © inj p^s j)^^ to the action of TC, so that the 
resulting modules are isomorphic to the ones considered above. We will show 
that Hq{X,I^)'^ realizes this extension. By Proposition lS. 101 for alternatively 
CoroUarv I5.18j) we have 

-f^o(-^, 21^)1 ^(o-q) = Y^^o, Ho{X,2^)\si(ai) — y^,i 

as .^(o"o) and ^((Ji)-representations, respectively. Moreover, the diagram 

^ Ho{X, Xy) 



id 



id 



^ Ho{X, Xy) 

of /-representations commutes. So 

{Y^^oY' = HoiX^-yY' 
as ?ii^-modules. Lemma f6.14l implies that 

Ho{X,I,Y' = (inj p^,j © inj p^. -jY' 

as ?^i^-modules, and we know the right hand side from Propositions 14.4^ and 
14.491 It remains to determine the action of Tn. Corollarv 12.61 implies that 
for every v G Hq{X.,X^Y^ have 

wTn = Tlr^v. 

Hence the action of Tn is determined by the isomorphism 

^7,1 — -f^o(-^,2r^)U((Ti)- 
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Since is a basis of {Y^^)^^, it is enough to know how H^^ acts on the 
basis vectors. Let W{b, b') be one of the .^(cri)-invariant subspaces of Y^^i, as 
before. We have extended the action of F^I on Y^^o\pxj to A{(Ti) so that 

U-^b = b', U~^b' = b. 

Hence, if we consider also as a basis of HqIX,!^)^^ we have 

bTn = b'Tn = b. 

Now the statement of the Proposition is just a reahzation of Propositions 
li3Hland|i3i □ 



6.4 Construction 

Now we will construct an embedding ^ Y^. Suppose that x = X^y then 
we consider vectors 60 and 60 + &i in (Y^^)^^. Lemmas I4.H5I and 14.411 implv 
that 

{Kboh^ = ~Px,s, {Kibo + 6i))f, = Px,0 

as F^i^'-representations. We have constructed the action of A{(Ji) on 1 so 
that 

n-% = bo + b^, U-\bo + bi) = bo. 

Suppose that x X" 1 then we consider vectors 60 and &o in (K^,o)^^- Lemmas 
14.351 implies that 

{Kboh^ = Px,0' (^^o)fp = Px^0 

as F^i^-representations. We have constructed the action of K{ai) on K^^i so 
that 

= bo, n-% = bo. 

Hence, in both cases we get an embedding ^ Y^ in the category VIAQ. 
This gives us an embedding of G equivariant coefficient systems '—>■ I^. 

Definition 6.24. Let vr^ be a representation of G, given by 

Theorem 6.25. For each 7 = {XjX'^}; the representation vr^ is irreducible 
and supersingular. Moreover, vr;^^ contains an Ti-submodule isomorphic to 
M^. Further, if 



then 7 = 7'. 
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Proof. Lemma 15.71 implies that vr^ is non-zero. So by Corollary 16.61 it is 
enough to prove that vr^ is irreducible. To ease the notation we identify the 
underlying vector spaces of K^^o and Hq{X^1^). \{ x = then Lemma 16.51 
implies that 

TT^ = (G&o)fp = {G{ho + &i))f^. 
If X 7^ X* then Lemma f6.5l implies that 

TT^ = (G'6o)fp = (G'^o)fp- 
This can be rephrased in a different way. By Proposition 15. lOl we have 

Ho{X, X^)\k = Inj p^,j © Inj p^. j 
as i^'-representations. Lemma f6. 161 implies that 

Px,J ® Px^^ - soc{Ho{X,X^)\k). 

Hence, if x = then 

(soc(/7o(X,J^)|x))'^ = (&o,&o + &i)f, 

and if X 7^ X"* then 
and hence 

7r, = (G(soc(ifo(X,T,)U))^i)p^. 

Suppose that vr' is non-zero G-invariant subspace of vr^ then by Lemma 12.11 
(7r')-^i 7^ 0, and hence 

soc(7r'|A') 7^ 0. 
We have trivially soc(7r'|x) ^ soc(iJo(-^, 2^7)|k)- Hence 

(soc(i/o(X,J^)U))'^n(7rO'^ ^0. 

The space (soc(ifo(-^)2^7)|ft:))^^ is 7i-invariant, and in fact isomorphic to the 
irreducible module M^. Hence, 

(soc(ifo(X,J^)|A))^^ C (vr')'^ 

and this implies that vr' = vr^. Hence tt^ is irreducible. 

Suppose that vr^ = vr^/, then this induces an isomorphism of vector spaces 

: (soc(7r^|x))^' = (soc(7ry 
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The argument above implies that both spaces are 7f-invariant and Corollary 
12.61 implies that is an isomorphism of 7i-modules. Hence, 

= {soc{n^\K)y^ = (soc(7ry|x))^' = My. 

Lemma (2. 171 implies that 7 = 7'. □ 

Corollary 6.26. The representation Hq{X,J^) is an essential extension of 
TT^ in Repg. In particular, 

where soc{Ho{X,X^)) is the subspace of Ho{X,X^) generated by all the irre- 
ducible subrepresentations. 

Proof. Let tt be a non-zero G-invariant subspace of Hq{X,X^). The proof 
of Theorem 16.251 shows that {soc{Hq{X ,X^)\k))^^ is a subspace of tt^^ This 
implies that vr^ is a subspace of vr. The last part is immediate. □ 

6.4.1 Twists by unramified quasi-characters 

Let A e Fp , we define an unramified quasi-character f^x '■ ^ , hj 

Lemma 6.27. Suppose that ^n^ ® ii\o det = vry, then 7 = 7' and A = ±1. 

Proof. Our fixed uniformiser wp acts on tt^ ® /iA o det, by a scalar A^, and it 
acts trivially on Try. Hence, A = ±1. By Lemma f2.2HI M^, ® o det = M^, 
and hence by the argument of l6.25I M^./ = M^, which implies that 7 = 7'. □ 

Proposition 6.28. Suppose that q = p, then vr^ (/i-i o det) = vr^. 

Proof. By Corollarv 16.261 it is enough to show that ® o det) = in 
VXAQ. We claim that we always have 

Y^,i = ® o det) 

as .ft(cri)-representations. Since F^I is contained in the kernel of odet, it 
is enough to examine the action of H. We recall that the action of A{(Ti) was 
defined, by fixing a certain isomorphism : VV(6) = VV(6'), and then letting 
H-i act on W(6, b') = Wib) © W(6') by 

U'\v + w) = (p'-^iw) + (f){v). 
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Let Li be an F^/-equivariant isomorphism 

Li : W(6) © W{b') = W{b) © W{b'), v + w^v-w, 

then, since /i_i(det(n^^)) = —1, we have 

© /i_i(det(n-i))(ii(t; + u;)) = 0^^H - (piv) = Li{n-\v + w)). 

Hence W(&, b') = W{b, b') © o det) as ^((Ji)-representations and hence 
Yry^i = Y^^i © o det) as ^(cri)-representations. Since F^K is contained 
in the kernel of o det we also have Y-^^ = Y^^q © (/i„i o det). However, 
to define an isomorphism in T>XAQ we need to find Lq : K^ o — ^,0) which 
is compatible with li via the restriction maps. U p = q this is easy, since if 
X ~ X*! then 

Wr © Wp_l_r = >V(6o) © >V(6o + &l) 

and if X 7^ X'^ then 

Wr © Wp_i_r = (>V(6o) © W(6i)) © (W(6o) © >V(6i)) 

and the subspaces that H 'swaps' come from different injective envelopes. 
Note, that this is not the case if g 7^ p. Hence, if we define 

iO : Wr © >Vp_l_r = Wr © >Vp_l_r, V + W V - W 

then L = {to, Li) is an isomorphism t : 1^ = 1^ © o det). □ 
Lemma 6.29. The representations Hq{X,X^) and vr^ are admissible. 

Proof. Proposition l(j.2H( Lemma f(j. 181 □ 

Our main result can be summarised as follows. 

Theorem 6.30. Let wp be a fixed uniformiser, then there exists at least 
q{q — l)/2 pairwise non-isomorphic, irreducible, super singular, admissible 
representations of G, which admit a central character, such that wp acts 
trivially. 

Proof. There are precisely q{q — 1)/2 orbits 7 = {x, X^}- Then the statement 
follows from Theorem 16.251 and Corollary 16.291 Each vr^ admits a central 
character, since Hq{X, V-y) admits a central character. If A G 0^, then it acts 
on Ho{X, V^,) by a scalar 




and zup acts trivially by construction. □ 



88 



If F = Qp then we may apply the results of Breuil jl] . 

Corollary 6.31. Suppose that F = Qp, then tt^ is independent up to iso- 
morphism of the choices made in the construction ofY^. Moreover, ifn is an 
irreducible supersingular representation of G, admitting a central character, 
then there exists A G , unique up to a sign, and a unique 7, such that 

TT = 7r^ {fix o det). 

Proof. In |1] Breuil has determined all the supersingular representations, in 
the case of F = Qp. As a consequence, by [IB] Theorem E.7.2, the functor 
of /i-invariants, Repg — ^ Mod — 7i, vr 1— > vr^^ induces a bijection between 
the isomorphism classes of irreducible supersingular representations with a 
central character and isomorphism classes of supersingular right modules 
oi Ti. In particular, there are precisely p{p — l)/2 isomorphism classes of 
supersingular representations with a central character, such that Wp acts 
trivially. By Theorem Ifi.HOI our construction yields at least p{p — l)/2 such 
representations. Hence tt^ does not depend up to isomorphism on the choices 
made for K^. 

Let TT be any supersingular representation of G with a central character. 
We may always twist tt by an unramified quasi-character, so that wp acts 
trivially. Hence by above 

TT = TT^ eg) (/iA o det) 

and by Lemma 16.271 and Proposition 16.281 7 is determined uniquely and A 
up to ±1. □ 
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